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Abstract

Computerized image analysis makes statements about the continous world by look-
ing at a discrete representation. Therefore, it is important to know precisely which
information is preserved during digitization. We analyse this question in the con-
text of shape recognition. Existing results in this area are based on very restricted
models and thus not applicable to real imaging situations. We present generaliza-
tions in several directions: first, we introduce a new shape similarity measure that
approximates human perception better. Second, we prove a geometric sampling the-
orem for arbitrary dimensional spaces. Third, we extend our sampling theorem to
2-dimensional images that are subjected to blurring by a disk point spread func-
tion. Our findings are steps towards a general sampling theory for shapes that shall
ultimately describe the behavior of real optical systems.

Key words: shape preservation, digitization, discretization, sampling theory,
topology, Hausdorff distance, r-regularity

1 Intro duction

Computerizedimageanalysisis increasinglyusedin applications whereerrors

and mistakescan have critical consequencedike industrial inspection, surveil-

lance,autonomousvehiclecortrol, and medicalimaging. Therefore,it becomes
more and more important to understandand formalize the conditions of suc-
cessfulalgorithm behavior. Errors may have many causessomeof them being

external like viewing conditions and illumination, but othersdependingon the

systemitself. Sinceone has often no cortrol over the external in uences, it is

all the more important to study how certain internal designchoicesin uence

performancelimits of image analysissystems.
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Onekey aspectis the role of sampling: What can be seenwith a digital device
looking at a cortinous world? In this paper we will be concernedwith the
relationship of sampling and shape recognition: How should an image anal-
ysis processbe designdin order to presene important shape characteristics
of real objects, and when can this performancebe guararteed? Ultimately,
this question should be answered by a generalgeometric sampling theorem
analogousto Shannon'sfamoussamplingtheoremdescribingthe presenation
of waveforms.

Naturally, this paper is not the rst attempt to answer this question, neither
will it be the last. A detailed description of previous work is given in the
next section. This work is characterizedby the fact that de nite resultscould
only be obtained by imposingvery restrictive assumptionson the digitization
process.The results are therefore quite far from reality and provide relatively
little guidancefor the designof practical applications. It is our goalto extend
the existing work in ways that evertually bridge the gap betweentheory and
praxis. In particular, we are goingto presen an improved measureof shape
similarity (section 3), we presen the classof setswe are working on (section
4), we de ne which digitization results have to be seenas correct under a
certain digitization model (section 5), we generalizeexisting sampling theo-
remsfor binary shapesto multiple dimensionsand arbitrary grids (section6),
we prove tight boundsfor the 2-dimensionalcase(section 7), and we analyse
how the samplingtheoremhasto be modi ed whenthe imageis subjected to
blurring prior to digitization, sinceblurring is unavoidable in any real optical
system due to diraction e ects, defocus and nite sensorsize (section 8).
Theseextensionsrepresen signi cant stepstowards a truly generalgeometric
samplingtheorem, although further generalizationsare still neededto achieve
the ultimate goal.

2 Prior Work

Sinceimageanalysistries to derive knowledgeabout the realworld by analysing
discrete represetations, it is important to understand which information is
presened during digitization. In particular we are interestedin the presena-
tion of shape characteristics. There exist seweral approates which descrite
how shapes{ which can be understood asbinary sets{ behase under certain

types of digitization. First results on this problem were independerily pre-
serted by Pavlidis [5] and Serra[7] in 1982.Both discoveredthe fundamenal

role of r-regular sets,which we are reviewing in detail in section4.

Pavlidis [5] showved that 2-dimensionalr-regular shapes (cf. de nition 3) do
not changetheir topology under discretizatiBn_with any squaregrid having a
minimal sampling point distancelessthan = 2r. In this cortext digitization



meansthat a pixel is part of the digital seti its certer point liesin the original
corntinuous shape (this digitization is often called subsetdigitization, see[4]).
Similarly, Serra [7] proved, that the homotopy tree of 2D r-regular shapes
doesnot changeunder subsetdigitization with any hexagonalgrid wherethe
minimal sampling point distanceis at mostr.

Both Pavlidis and Serraonly consideredthe 2D case.In cortrast, Ronseand
Tajine [6] showved that in any dimensionthe Hausdor discretization of a
set with any sampling grid type convergesto the original set if the sampling
distance corvergesto zero. In addition, they shaowved for the 2D caseand
square grids that the topology of r-regular shapes is also presened under
Hausdor discretization if the minimal sampling point distance is at most
r=2, see[10. Unfortunately Hausdor discretizationsare very incorveniert for
practical applications becausethey are de ned globally and heavily depend
on the alignment of the grid relatively to the set.

Latecki et al. [4,3] extendedPavlidis' results by replacing subsetdigitization

with a more generalbut still locally de ned conceptcalledv-digitization. Here
a pixel is part of the digital set,i the percenage of the pixel areacovered by

the original shapeis at leastv 2 [0%: : : 100%].They proved that the topology
of a 2-dimensionalr -regular imageis presened if it is ﬁa_mpledwith a square
grid with minimal sampling point distancelessthan r= 2.

In 1999, Giraldo et al. [1] proved that any compact set, which has a nite
polyhedronasboundary can be digitized by a squaregrid of a certain density,
sud that the digitization is homotopically equivalert to the original one after
applying asimple,well de ned repairing method. Howe\er, this is only possible
for polyhedraand they did not say anything about topology presenation.

By comparing the above results one recognizeshat apart from the last one
they all arrive at somewhatdi erent conclusionsstarting from the samecon-
ceptof r-regularshapes.This suggestghat r-regularity is a fundamertal prop-
erty whosepower hasnot beenfully exploited by the existing approadies.On
the other hand the requiremens imposedby the existing theoremsare very
specialand cannewer be met by any real imaging device.This refersmainly to
the useof binary setswhich are not obsenable in reality due to the inherert
blurring of real optical systems.

In two previous paperswe preseited ideasto overcometheseproblems.in [2]
we conbined previously usedshape similarity criteria (presenation of topol-
ogy and homotopy trees, bounded Hausdor distance) and proved that the
sampling theoremsof Pavlidis and Serrastill hold under these stricter con-
ditions, ewven if arbitrary grids are used. We also shoved how the sampling
density hasto be changedfor a particular classof blurred shapes.In [9] we
introducedan even stricter similarity criterion and proved that r-regularity is



not only necessaryut alsosu cient for correct digitization of binary shapes
under the new criterion. In the presen paper we integrate theseresults for
the rst time. In addition, we extend our de nitions to arbitrary dimensions
and analyzethe possiblility to prove an n-dimensionalsampling theorem for
non-blurred shapes.

3 Shape Similarit y

Due to the information lossduring digitization, a digital shape is almost never
idertical to its cortinuousoriginal. In orderto formally descrile this informa-
tion loss, a precisede nition of shape similarity is needed.ldeally this de -

nition should resenile human perceptionas good as possible.As we will see,
previouslyusedsimilarity criteria do not alwaysful Il this requiremen. There-
fore we will de ne a new criterion called strong r -similarity that will be the
basisof our proofs. Sinceshapescan be consideredas closedsubsetsof R?, we
needa criterion to compare2-dimensionalsets.Pavlidis [5] suggestedhat the
sets should be topologically equivalert. Two setsA and B are topologically
equivalert if there existsa homeomorphisnt : A! B, i.e.abijective function

with f andf ~! cortinuous. Unfortunately, topologicalequivalenceimposesno
restrictions on the spacewhere this homeomorphismis de ned. This means
that 2D objects can be topologically equivalent ewven if such a homeomor-
phism exists only for a 3-dimensionalembedding. Consequetly two 2D sets
canbe topologically equivalert whithout having the sameinclusion properties
for their componerts in R?, ascanbe seenin g. 1(a). Of coursethis problem
may arisefor shapesof any dimension.It canbe solved by requiring the home-
omorphismto be de ned in a spacewhosedimensionequalsthe dimensionof
the shapes. An alternative way to capture the inclusion properties correctly
was proposedby Serra[7], who de ned homotopy treesfor shape comparison.
A homotopy tree encades which componerts of A encloseothers in a given
embeddinginto R2. Unfortunately identical homotopy treesdo not always im-
ply high shape similarity, as g. 1(b) shovs. While topology presenation and
identity of homotopy treesis necessarygeometricshape similarity cannot be
neglected.As suggestedby Ronseand Tajine [6], geometric shape similarity
can be measuredby the Hausdorff distance

dy(@\; @) = max (max min d(; ¥); max min d(; y))

€0A yeoB OB Z€0A

between the shapes' boundaries@ and @ of A and B, whered(; ) is a
metric of the space(in the sequelwe will always usethe Euclidean metric).
But a small Hausdor distanceis also not a su cient similarity criterium,
as g. 1(c) shows, wherean S has changedinto a number 6 without the two
charactershaving large Hausdor distance.
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Figure 1. Comparison of similarity criteria. (a): The shapes are homeomorphic and
thus topologically equivalent. But the homeomorphism can not be embedded in R2.
(b): the shapes have the same homotopy tree (the infinite background component
is connected to one foreground component, which is connected to two finite back-
ground components), but are not percieved as similar. (c): The Hausdorff distance
of the two shapes is less than the pixel radius of the grid, but the shapes are topo-
logically different. (d): The shapes are topologically equivalent in R? and have small
Hausdorff distance, but are still perceived as very different.

Sincetopological equivalencewould have captured this error it is logical to
combine both criteria. We call this weak r -similarity. For generality we de ne
this conceptfor arbitrary dimensionsas follows:

De nition 1 Two bounded subsets A; B R™ are called weakly r-similar if
there exists a homeomorphism f @ R™ 1 R™ such that ¥ 2 A, f(x) 2 B,
and the Hausdorff distance between the set boundaries dy(@A; @) r 2
R, [ flg .

Note that we require the homeomorphismto exist in the ertire spaceR”,
which meansthat not only the shapesbut alsotheir complemets have to be
topologically equivalert. This implies identity of homotopy treeswhereasthe
cornverseis not true for n 3, asthe exampleof two tori passingthrough eah
other vs. two separatedtori illustrates.

Intuitiv ely the homeomorphismcan be understood as a transformation of an
elastic, rubber-like space which imposesa smooth distortion sud that A gets
equalto B. We call this an R"-homeomorphism.



L ccoe

Figure 2. Examples for weak similarity: L and ¢ have the same topology, but large
Hausdorff distance dp. The two ¢’s have a much smaller dy (when overlaid). Be-
tween ¢ and o, dy is still quite small, but they differ by topology. The distinction
between o and e is not so clear: Their topology is equal, and d g still relatively small.

In many casesweakr -similarity captureshuman perceptionquite nicely. Fig.

2 demonstratesthis for the shape of someletters in 2D. Other examplesare
1(a) and (b), wherethe shapesare only weakly r-similar for relatively greatr.

Howe\er, it is not always su cien t. This canalreadybe seenby comparingthe

letters \o" and\e" in g. 2, but g. 1(d) shavs an even more striking exam-
ple: Thesesetsare weakly r-similar for very smallr, sothey are topologically
equivalent and have the samehomotopy treesand a small Hausdor distance.
Newerthelessthe shapes and meaningsare percieved as very di erent. The

failure of weak r-similarity is becauseof our de nition of the geometricdis-

tance: While topology presenation is determined by an R™-homeomorphism
that mapsead point of A to a unique point of B, the Hausdor distanceis

calculatedby a completelydi erent mapping of eat point of A to the nearest
point of B and vice versa.

In orderto improve the similarity measurewe requirethe sametransformation
to be usedfor both the determination of topologicalequivalenceand geometric
similarity. We call this strong r -similarity:

De nition 2 Two sets A, B R™ are called strongly r-similar and we
write A " B, if there exists a homeomorphism f : R™ ! R™ such that
x2A, T(¥2B and8% 2 @ :jx f(¢)) r. Such a restricted home-
omorphism will be called r-homeomorphismin R™ and the sets will be called
I -topologically equivalent. The morphing distance is defined as dy(A; B) =
inf (f1g [ frjA " Bg).

Sincethe concatenationof an r-homeomorphismwith an s-homeomorphisms
obviously at leastan (r + s)-homeomorphismthe morphing distanceis a metric
(seealso[9]). Sinced,, is an upper bound for the Hausdor distance,strongr -
similarity implies weakr-similarity. Under strong r -similarity, the topology is
not only presenedin a global, but alsoin alocal manner:When looking at the
embedding of A into R™ within a small openregionU,, a correspnding open
regionUg with the sametopologicalcharacteristicsexistsin the embedding of
B, and the distancebetweenthe two regionsis not greaterthan r. The shapes
(@),(b) and (d) in g. 1 are examplesfor non-local topology presenation:
Morphing of correspnding shapesonto ead other requiresa rather big r, and
dy  dy in thesecasesthus they are only strongly r-similar for relatively
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Figure 3. Using sufficiently dense sampling grids. When sampling the shapes (a),
(b) and (c) with grids which are dense enough, their reconstructions are similar in
the sense of human perception and they are also strongly r-similar.

greatr. By usinga densersamplinggrid, the similarity canbe improved, suc
that r is not greaterthan the pixel radius. If this is done,shape characteristics
arereally presened in the senseof human perception,ascanbe seenin g. 3.

Note that the de nition of r-homeomorphismss similar, but not equalto the
de nition of "-homeomorphismsusedin the work of Giraldo et al. [1]. The
"-homeomorphismis only de ned on the two comparedsets and not in the
badkground as well. Thus the important inclusion properties of componerts
are not captured.

4 r-regular Sets

A shape canbede ned asasetA 2 R”. A geometricsamplingtheoremstates
which type of shapesretains characteristic properties during digitization. Sur-
prisingly, in 1982 Pavlidis [5] and Serra[7] independerily introduced totally
di erent de nitions for basically the sametype of sets, which they usedin
their theorems.Also Latedki et al. [3,4] and Tajine and Ronse[10] referred
to this shape class.Sincethis shape classis fundamertal, we introduce here
a unied de nition of r-reqular sets (see g. 4), which can be proved to be
equivalert to the other de nitions for the 2D case(see[8]).

De nition 3 A compact set A R"™ is called r-regular iff for each boundary
point of A it is possible to find two osculating open balls of radius r, one lying
entirely in A and the other lying entirely in A°.

If a setis r-regular, ead part of its shape hasa minimal width (diameter) of
2r. Moreover, for eaty boundary point there existsone unique tangert hyper-
plane,and the curvature is de ned for every tangert direction and boundedby
%. r-regular setscan be characterizedas exactly those compactsets, that are
morphologically open and closedwith respect to an open r-ball structuring
elemer.



Figure 4. A 2D r-regular set.

5 Sampling and Reconstruction

In this sectionwe dewelop a precisede nition of the digitization process.All
de nitions are given for arbitrary dimensionalspacessothat subsequenthe-
oremscan be formulated as generalas possible.Sincewe idertify shapeswith
subsetsA 2 R™ and setscan be interpreted as binary functions, asetA R”"
can be transformedinto an analog binary image by meansof its characteristic
function 4 :R"! f0;1g, a(*) = 1i % 2 A. Now the discretization is
obtained by storing the values of this image only at a courtable number of
sampling points. Formally we get:

De nition 4 A countable set S R"™ of points with dg(R™;S) r for some
r 2 R, such that for each bounded set A the subset S\ A is finite, is called
r-grid. The elements of S are the samplingpoints, and the pixels are defined
as their associated Fuclidean Voronoi regions:

Pixels : S! P(R"); Pixelg(s):=fx:832 Snfsg:j* s jx 3jg

Thus pixels are topological N-cells and bounded by (N 1)-cells, which in turn
are bounded by (N 2)-cells and so on, eq. in 2D they are 2-cells, their edges
are 1-cells and their corners are O-cells. The intersection of A R™ with
S is called the S-digitization of A, and the restriction of the domain of A’s
characteristic function to S is the associated digital binary image

Dig(A) :
Digitallmageg( 4) :

A\ S

This de nition capturesarbitrary grids of any dimension.Sonot only square,
hexagonal,cubic or other regular grids, but alsoirregular grids are permitted,

provided the pixel shapes can be de ned as Voronoi regions with bounded
radius, see g.5. For simplicity we will usethe term pizel alsoin dimensions
greaterthan two. Sinceit makesno sensdo comparethe topologicalproperties
of an analogshape (region) with a discreteset of points we rst have to recon-
struct an analogshape form the digital represetation. We do this by assigning
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Figure 5. Many different grid types can be described when pixels are defined as the
Voronoi regions of suitably located sampling points. In 2D, these include regular
grids like the square (a), hexagonal (b) and trigonal ones (c), and irregular grids
(d) as found in natural image acquisition devices like the human eye. The definition
also captures grids of any dimension, e.g. cubic grids in 3D (e).

the information storedat ead samplingpoint to the ertire surrounding pixel:

De nition 5 Given a set A R™ and a grid S, the S-reconstruction of
Digg¢(A) is defined as

A = Recs(Digg(A)) = |J Pixels(s)

FE(SNA)

Now we considera reconstruction as correct if it is strongly r’-similar to the
original shape for somesmall r’. Sincethe maximal pixel radius of an r-grid
Sisr, it is natural to requirer’ = r. This is the strongestuseful bound since
if the sampling point of one pixel with maximum radius lies on the shape's
boundary, the Hausdor distance between the shape and its reconstruction
canobviously equalr. Sothe highestdegreeof similarity that canbe achieved
regardlessof the alignmert of the r-grid is strong r-similarity.

Denition 6 A set A R”™ is reconstructible by an r-grid S if the S-recon-
struction A is strongly r-similar to A, i.e. dy(A;R) 1. A is called weakly
reconstructible by S if A is weakly r -similar to A.

6 Sampling in Arbitrary Dimensions

In the following we will show that in any dimensionr-regular sets are an
important classfor shape preservingdigitization. In 2D we will shav that an
r-regular set is weakly reconstructible by any r’-grid with r’ < r, regardless
of the grid structure and alignmert. Newertheless,it is not possibleto prove a
reconstructionto ber-similar to an original setof higher dimensionin general.
Thus, digitization in higher dimensionsis not as easyasit lookslike in 2D.

The following lemmasdescrilke some prerequisites.We only formulate them



for the foregroundA, but their claimsand proofs apply to the badkground A¢
analogously

Lemma 7 Let A be an r-reqular set and A the reconstruction of A by an
r'-grid S, with < r’ < r. Then two sampling points lying in different compo-
nents of A cannot lie in the same component of A.

PR OOF. The Hausdor distanceof two componerts of an r-regular setA is
at least2r, becausesat boundary point hasan osculatingr-ball lying ertirely
outside ead componer. Sincethe S-reconstructionof any componert A’ is a
subsetof the r’-dilation of A’, the Hausdor distancebetweentwo componerts
of A is at least2r  2r’ > 0. Thus the reconstruction processcannot merge
two componens of A. O

Lemma 8 Let A’ be a component of an r-reqular set A, S be an r'-grid, 0 <
' < r”<r. Further, let A, = (A" B,»)" be the open interior of the erosion
of A" with a closed ball of radius r", and S; := fs2 S : Pixel(s)\ A 6 ;g
the set of all sampling points whose pizels intersect Al. Then at least one
sampling point from S; is in A’.

PR OOF. SinceA isr-regular,every componert A’ cortains at leastoneball
of radius r. The certer m of sud a ball liesin AZ. Let s2 S be a sampling
point with m 2 Pixel(s). Then sis alsoelemen of S; and the distancebetween
sandm is at mostr’ < r”. Thus, s lieswithin A’. O

Lemma 9 Let A, A’, S and S; be defined as in lemma 8. Then any pair of
pizels with sampling points in S; is connected by a chain of adjacent pixels
whose sampling points are also in S;. Pizels are adjacent if they are direct
neighbors, that is their common boundary has dimension n-1 (a hyper-face, ie.

an edge in 2D).

PR OOF. Every componert A’ of an r-regular set A is r-regular, too. Thus
A7 is an open, connectedset. Now let s, and s, be sampling points in S;.
The interior of their pixels intersectsA’,, and there exist two points s/, sy
lying in (Pixel(s1))°\ A7 and (Pixel(s,))°\ AL respectively. s/ and s; canbe
connectedby a path in A, which, without lossof generality, only intersectsthe
pixel boundariesin the interior of their bounding (n  1)-cells. The sampling
points of all pixels intersectingthis path arein S; aswell. The order in which
the path enters those pixels de nes a chain of adjacen pixels. O

Lemma 10 LetA,A’, S andS; be defined as in lemma 8. Then each sampling

point lying in A’ is either a member of S; or is connected to a member of S;
by a chain of adjacent pizels whose sampling points all lie in A’.

10



PR OOF. Let € be any sampling point in A’. Then there exists a ball of
radius r in A’ sud that € liesin the ball. Let m 2 AL be the certer of the
ball. The hal ine starting at € and going through m crosseshe boundary of
the corvex Pixel(€) at exactly onepoint €. If d(e;m) d(e;€’), the point m
is part of Pixel(€) andthuse 2 S;. If d(e;m) > d(e;€’), let g bethe (n  1)-
dimensionalhyper-planede ned by the (n  1)-cell of Pixel(€) whoseclosure
cortains €’. If there are seweral such hyper-planes,one is chosenarbitrarily .
Dueto the de nition of Voronoiregionsthe point €” constructedby mirroring
€ on g is a sampling point in S, and Pixel(€”) is adjacen to Pixel(€). Since
c:= d(e’;€) = d(e’;€”), the point €” always lies on the hyper-sphereof radius
c with certer €. Sincee;e’ and m are collinear, € hasthe largest distanceto
m amongall points on this hyper-sphere,and so d(m;€”) < d(m;€). Thus,
the samplingpoint €” liesin A’, and is closerto m than €. We canrepeat this
constructioniterativ ely to obtain a sequenc®f adjacert pixelswhosesampling
points successiely getcloserto m. Sincethere areonly nitely many sampling
points in A’, one sud pixel will evertually intersectA,. O

Theorem 11 (sampling theorem for n-dimensional binary images)
Letr 2 Ry and A R"™ an r-reqular set. Further let A be the reconstruction of
A with an arbitrary t'-grid S in R™, 0< r’ < r. Then A and A have identical
homotopy trees and the Hausdorff distance between their boundaries is at most
r'.

PR OOF. Dueto lemma8 thereis a mapping of the foregroundcomponerts
of A to the foregroundcomponerts of A. Lemma 7 statesthat this mapping
is injective, and from lemmas9 and 10 follows surjectivity. The sameholds
for the badkground componerts of A and A. Due to lemma 10, both the
foreground and badground componerts of A are connectedvia direct pixel
neighborhood. This implies a one-to-onemapping betweenthe boundariesof
A and A, and thus idertity of the homotopy trees.

It remainsto be shown that for any dimensionthe Hausdor distancebetween
the boundariesof A and A is boundedby r’. Supposeto the cortrary that @
corntains a point s whosedistancefrom @\ exceeds’. Due to the de nition of
an r’-grid, the sampling points of all pixels corntaining s are located within a
hyper-spherewith certer s andradiusr’. Under the supposition, the inside ball
of this hyper-spherewould either be completely inside or outside A, and the
pixels wereall either in A or A<. Thus, s could not be on @’ { cortradiction.
Therefore, the Hausdor distancebetween@ and @ is at mostr’. O

This geometric sampling theorem doesnot only apply to regular, but alsoto
irregular grids of any dimension,seeg. 5. Moreover, if the conclusionholdsfor
a particular grid, it alsoholdsfor any translated and rotated copy of that grid.

11



Howewer, the theorem does not say anything about topological equivalence
betweenthe original setand its reconstruction. The following theorem shavs
that the topology is presened in 2D:

Theorem 12 (sampling theorem for 2-dimensional binary images) A
2-dimensional 1 -reqular shape A R? is weakly reconstructible with any r’-
grid S inR?, 0< r'<r.

PR OOF. From theorem 11 we know that there is a one-to-one mapping
betweenthe boundariesof A and A. Due to lemma 10, both the foreground
and badkground componerts of A are connectedvia direct pixel neigtborhood.
In 2D this implies that the componerts of A are jordan curves. Since this
is also the casefor the boundary componerts of the original set A, an R2-
homeomorphismcan be constructed betweentheseboundaries,and A and A
are R2-topologically equivalert. Togetherwith the statemen of theorem11 it
follows that A is a weak reconstructionof A. O

An ewen stronger result for the 2D casewill be demonstratedin the next

section.Howe\er, this theoremcannotbe provedfor higherdimensionalspaces.
To the cortrary, it can be shovn by constructing a courter example, that

there exist shapeswhosereconstructionis not topologically aquivalert to the

original for somegrids. We give the theorem for 3D, but its formulation for

any dimensionis straight-forward.

Theorem 13 There exist 3D r -reqular sets where one can find, for anyr’ <r,
an r'-grid S such that the S-reconstruction is not topologically equivalent to
the original.

PROOF. Let A R3 betwo semi-spheresith radiusr that are connected
by a cylinder of the sameradius. This shape is obviously r-regular. Consider
a tangertial planeP of the cylinder and a squarePs with radiusr’ lying in P

and oriented sothat onediagonalcoincideswith the line whereP touchesthe
cylinder, and the other is perpendicularto this direction, i.e. liesin the plane
wherethe cylinder is curved. Translate Py towards the certer of the cylinder
by an arbirary small ". Then two opposite corners of the squareare in A,

while the other two arein Ac. Supposethe cornersof the squareare sampling
points of a regular 3D squaregrid of suitable sizeand position (see g. 6 left).

Then the reconstruction A with respect to this grid cortains pixels that are
only indirectly connectedto ead other via a commonedge,but not directly

via a commonface(6 right). Consequetly, the surfaceof A is not a manifold,
while the surfaceof A is. Therefore,the two surfacescannot be topologically
equivalent. O

12



Figure 6. Construction of an r-regular counterexample: Given an r-regular cylinder,
four sampling points on a square with radius »’ < r can be placed so that two
diagonally opposite corners (black) are inside A and the two others (white) outside
(left). The surface of the resulting reconstruction is not a manifold (right).

Obviously this example can be generalizedto any dimension greater than
three by adding more dimensionsalong which the curvature is zero. Thus
r-regularity is not a sucient criterion for shape preservingdigitization in
three or more dimensionsin a strict topologicalsensenvhenthe reconstruction
method accordingto de nition 5 is used.Neither strong nor weakr -similarity
can be guararteed. It might thus seemthat r-regularity is not a su cient cri-
terium for shape presenation in higher dimensions.Howeer, we can hardly
imagine a stronger criterion that still comprisesa useful set of practically rel-
evant shapes{ r-regularity is already a very strong constrairt. Thereforewe
believe that one should rather use alternative reconstruction methods (per-
haps similar to the marching cubes algorithm) which guarartee that the re-
constructedsurfacesare manifolds. This problem must be further investigated.

7 Impro ved Sampling Theorems for 2D

The 2D samplingtheoremwe derived in the previoussectionis a generalization
of the known theoremsof Pavlidis [5] and Serra[7], becausethe 2D square
and hexagonalgrids on the one hand and topology presenation and identity
of homotopy trees on the other hand are special casesof our de nitions. So
the results of Serraand Pavlidis are direct corollariesof theorem 12:

Corollary 14 Let S, := hy Z? be the square grid with grid size (minimal sam-

pling point distance) hy. Then every 2-dimensional r -reqular set with r > % 18

weakly reconstructible with Sy. Let Sy be the hexagonal grid with grid size hy.

Then every 2-dimensional ¥ -reqular set with t > 2 is weakly reconstructible

V3

In caseof Serra's theorem our pg)(_)f ewven provides a better bound for the
required sampledistance(r vs.r= 3). But in 2D we can prove an even more
powerful theoremby shawing that (i) even strong r-similarity can be guaran-
teed,and (ii) r-regularity is not only a su cien t but alsoa necessaryondition
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Figure 7. Examples where the topology of the reconstruction by an r-grid (balls
and lines) differs from the topology of the original set (gray area) because it is not
r-regular.

for a setto be reconstructible.

We rst dealwith the secondproperty, which meansthat if A is not r-regular
for somer, there existsan r’-grid S (r’ < r) sud that the S-reconstruction
is not weakly r-similar to A. We conjecture, that this also holds for higher
dimensions,but we could not yet prove the generalcase.

Theorem 15 Let A 2 R? be a set that is not r-reqular. Then there exists an
r'-grid S with 0< r’ < r such that A is not reconstructible by S.

PR OOF. We explicitly construct sud a grid. There are two cases:Case I:
If A is not r”-regular for any r” > 0, then it cortains at least one corner
or junction. In both casesit is possibleto place sampling points so that the
reconstruction of a connectedset becomesdisconnected,and the topology is
not presened(g. 7aandb). Case 2: Let A ber”-regularwith O< r” < r’'<r.
Then there is a maximal inside or outside circle of radius r” with certer p
that touches @\ in at leasttwo points. Draw a circle with radius r’ around
Bo. Case 2a: If the r”-circle coincideswith a componert of @\, a componen
of A or A¢ is completelyinside the r’-circle, and we can place sampling points
on this circle sud that the enclosedcomponernt is lost in the reconstruction.
Case 2b. Otherwise, an r’ can be chosensothat part of the r’-circleis in A,
part in Ac. If theseparts form more than two connectedcomponerts, we can
place a sampling point in eath componert, and the reconstruction cortains
a junction whereasthe original shape doesnot. Case 2¢: If there are exactly
two componerts, we can move the r’-circle a little so that it will either no
longer intersect with @\, which brings us bad to case?2a, or the number of
componerts will increasewhich brings usto case2b. In any casethe topology
of A isnot presened (g. 7candd). O

In the 2D caseit is also possibleto tighten sampling theorem 11 to strong
r-similarity (recall that reconstructibility implies strong r-similarity, seede -
nition 6).

14



Theorem 16 (strong sampling theorem for binary 2D images) Letr 2
R, and A 2 R? an r-regqular set. Then A is reconstructible with any r’-grid S,
o<r’'<r.

PR OOF. From theorem 11 we already know that the reconstructionis R2-
topologically equivalert to A, and the Hausdor distancebetweenthe bound-
ariesis at most r’. To tighten the theorem for strong r’-similarity it remains
to be shown that there even exists an r’-homeomorphism.

Dueto r-regularity of A, no pixel cantouch two componerts of @\. Therefore,
we can treat ead componert @\’ of @\ and its correspnding componen
@’ separately The proof principle is to split @\’ and @ into sequence®f
segmets fC,g and f€,g, and shaw that, for all i, €; can be mapped onto
C, with an r’-homeomorphism.The order of the segmets in the sequencess
determinedby the orientation of the plane, and correspnding segmets must
have the sameindex. Then the existenceof an r’-homeomorphismbetween
eat pair of segmets implies the existenceof the r’-homeomorphismfor the
ertire boundary. We de ne initial split points € of @’ asfollows (see g. 8a):

Case 1: A split point is de ned where @’ crossesor touches @\'. Case Ia:
If this is a single point, it automatically de nes a correspnding split point
of @\'. Case 1b: If extendedparts of the boundariescoincide,the rst and
last commonpoints are chosenas split points.

Case 2: A pixel cornerwhich is on @ but not on @\’ becomesa split point
if the corner point liesin A (A°) and belongsto at least two pixels that
arein Ac (A). Case 2a: If there are exactly two sud neighboring pixels, a
correspnding split point is de ned where@\’ crosseshe commonboundary
of thesepixels. Case 2b: Otherwise, the split point is treated specially.

In the courseof the proof, the initial partition will be re ned. The treatment
of caselb is straigthforward: Here, two segmets C; and C; coincide, so we
can de ne the r’-homeomorphismasthe identit y mapping.

Next, considercase2b (g. 8b). Let the special split point €2A (A°) be a
corner of pixels P, ; ::;; P;, 2 A< (A). The orientation of the plane inducesan
order of thesepixels. The pixels P, to P, _, intersect @ only at the single

point €. We must avoid that an extended part of @\’ gets mapped onto the
. . N . g - . N .

single point €;. Thus, we changethe initial partitioning: Replaceg; with two

newsplit points €’ and €, lying on @ to either sideof € at a distance”. De-
ne astheir correspnding split points the points €' and €;” where @\’ crosses

the commenborder of P, ; P;, and P P, respectively. Due to r-regularity,

je’€j < r’ and je"€j < r’, and the sameis true for all points betweene,’ and
€. Therefore," can always be chosensothat ewery point betweene;,” and €;”
can be mapped onto ewery point between &' and € with a displacemen of

In—171 in
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Figure 8. (a) Different cases for the definition of split points; (b) Partition refinement
and mapping for case 2b.

at mostr’. This implies the existenceof an r’-homeomorphismbetweenthese
segmets. After these modi cations, the segmets not yet treated have the

following important properties: Each C; is enclosedwithin one pixel P;, and
the correspnding segmeh C; is a subsetof P;'s boundary. To prove the the-

oremfor thesepairs, we usethe property of Reuleauxtriangles with diameter
r’ that no two points in sud atriangle are farther apart than r’ (g. 9a). Due
to r-regularity, @\’ can crossthe border of any r’-Reuleauxtriangle at most
two times. We re ne the segmets sothat ead pair is cortained in a single
triangle, which implies the existenceof an r’-homeomorphism.Consider the

pair C;, €; and let the sampling point of pixel P; be s;. If this point is not

on @' (g. 9b), C; splits P; into two parts, one cortaining €; and the other
cortaining s;. We now placer’-Reuleauxtriangles asfollows: a corner of every
triangle is located at s;, ewery triangle intersectsC, and €;, and neigtboring

triangles are oriented at 60° of eat other, sothat no three triangles have a
commonoverlap region. Sincethe pixel radius is at mostr’, this set of trian-

glescompletely coversboth C, and €;, and ead consecutie pair of triangles
sharesat leastonepoint of either segmeh Thus, we cande ne additional split

points amongthe sharedpoints, sothat correspnding pairs of the new seg-
merts lie ertirely within onetriangle. The existenceof an r’-homeomorphism
for the re ned segmeis follows.

If the sampling point s; of P; is on @\’ (g. 9c), this Reuleauxconstruction
doesnot generallywork. In this case,we rst placetwo r’-Reuleauxtriangles
sud that both haves; asa cornerpoint, onecortains the start points e, €, of
C, and €, respectively, the other the end points ee;ée, and they overlap ¢, as
much as possible.If they cover €; completely the Reuleauxconstruction still
works with s; as split point. Otherwise €; is partly outside of the triangles,
and the normal of @\’ crosse<; in this outside region. We choosea point s/
on the opposite normal with distance” from s; and project ead point € of
€. not coveredby either triangle onto the point wherethe line €s/ crosse<,.
It can be seenthat this mapping is an r’-homeomorphism:Draw circles with
radius" and r’+ " arounds/. C; and C, lie betweenthesecircles,sothat eath
point is moved by at most r’. The extreme points of this construction de ne
new split points, and the remaining parts of C; and €, can be mapped within
the two triangles. Thus, there is an r’-homeomorphismn this caseaswell. O
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Figure 9. (a) Any two points in a Reuleaux triangle of size ' have a distance of
at most r’; (b) Covering of corresponding segments with Reuleaux triangles; (c)
Construction for sampling points lying on 9A’.

In this sectionwe proved two re nements of our sampling theorem, but the
proofs rely on special properties of the 2-dimensionalspace.our results shov
the fundamertel role of r-regularity for shape preservingdigitization:

Corollary 17 Letr 2 Ry and A R? Then A is r-reqular if and only if A
is reconstructible with any r’-grid S in R? with 0< r’ < r.

From the last section we know that this cannot be directly generalizedto
higher dimensions.Sothe questionremainsopen, how the classof sets,being
reconstructible with any r’-grid with r’ < r, lookslike in higher dimensions.

8 Sampling of Blurred 2D Images

The subsetdigitization, which we usedin the previous section, hasthe great
disadwantage that it can not be realizedin practice. In real imaging devices
the analogimageis always subjected to blurring beforebeing digitized. The
blurring has various causes First, the light is di racted in the lens. Second,
thereis defocusblur for objectsthat arenot exactly in focus.Third, real sensor
elemeits are not O-dimensionalbut rather have nite area.The net e ect of
thesefactorscanbe modeledby a convolution of the analogimagewith a point

spreadfunction (PSF). Thus, instead of a binary image, a grayscaleimage
is obsened. In order to recover a binary reconstruction one can considera
particular level setL, = fx 2 R2jf\(x) |g of the blurred imagef", i.e. apply
a threshold. Sincethresholding and digitization commute, we can perform the
stepsin a mathematically more corveniernt order by doing thresholding rst

and then digitizing the resulting level set by standard subsetdigitization, as
can be seenin g. 10. This order facilitates the following proofs, becausewe
only have to analysethe properties of the level sets of an r-regular image
and apply the already proved sampling theorem to them. So we begin with

an analysisof the relationship betweenthe original set and a level set of its

blurred version, and then betweenthe level set and its S-reconstruction. In

orderto getde nitiv e results, we restrict ourselhesto a particular type of PSF,
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Figure 10. Model of digitization by a real camera (top row). Since binarization
commutes with both sampling and reconstruction there are several mathematically
equivalent ways from a blurred image to its discrete reconstruction.

namely at disksof radius p. Although not very realistic, thesePSFshave the
advantage that the result of the corvolution can be calculated by measuring
the areaof sets.In the sequel A shall be a 2-dimensionalr-regular setand k,,
a disk-PSFwith radiusp < r. If K,(€) denotesthe PSF's support regionafter
translation to the point €, the result of the corvolution at € is given by:

_ _ kK, (®\ Ak

TA(e) = (k,? a)(€) = W

where ? denotescorvolution and k:k is the area. Therefore, it is possibleto
derive properties of level sets by purely geometrical means. Obviously, all
interesting e ects occurin a 2p-wide strip A, = @\ K, around the boundary
@\, becauseout of this strip the kernel does not overlap @\, and the gray
valuesare either 0 or 1 there ( denotesmorphological dilation). Level sets
have the following property:

Lemma 18 Let s be a point on @\, and let € and € be the centers of the
inside and outside osculating circles of radius r. Moreover, let €5 and €, be the
two points on the normal €€, with distance p from s. Then the boundary of
every level set has exactly one point in common with €3€;.

PR OOF. Considera point € in K ,(€;) and translate the line segmen &€,
by € € (see g. 11 left). Becauseof the restricted curvature of @\, the
translated line segmen intersects @\ at exactly one point. Thus, ast 2 [0; 1]
increasesthe areaof kK ,(es + t (e, €3)) \ Ak is strictly decreasing.This
areais proportional to the result of the corvolution, sothe sameholds for the
gray values.Sincethe p-ball certeredin €; is aninside osculatingball of A, the
gray value at €; is f (0) = 1. Likewise,f (1) = 0. This implies the lemma. O

The curvature of the level set cortours is boundedby the following lemma:
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. C
SN\ > c4+(c-c3) A A

Figure 11. Left: If a p-ball is shifted orthogonally to the boundary 0A from an
inner osculating to an outer osculating position, its intersection area with A strictly
decreases. Right: The boundary of the circle by centered at point ¢y (light gray)
intersects the boundary of the set A (bold line) at the two points §7 and S,. Since
A is r-regular, its boundary can only lie within the area marked with dark gray.

Lemma 19 Let & 2 A, be a point such that (A 2K, )(&) =1, (0< | < 1).
Thus, € is part of level set L;. Then there exists a circle by of radius r,
r'=r p that touches € but is otherwise completely outside of L;. Likewise,
there is a circle by, with radius r;  r' that is completely within L.

PR OOF. Considerthe seth, = K,(&) certered at &,. Let its boundary
@& (&) intersectthe boundary @\ at the points 5, and s, (see g. 11right).
Let g, be the bisector of the line s,5,. By construction, €, is on g,. De ne &
and €, asthe points on g, whosedistancefrom s; and s, is r, and draw the
circlesb; and b, with radiusr aroundthem. Now, the boundary of A cannotlie
inside either by nb, or b, nb;, becauseotherwiseA could not be r-regular. The
areaswhere @\ may run are marked dark gray in g. 11right. Sincep < r,
there can be no further intersectionsbetween @ ,(¢;) and @\ besidess; and
s,. On gy, mark the points €; betweeng, and €, and € betweeng, and ¢,,
sud that je,&;j = je,&fj and min(jeyssj; jeedj) = r' = r p. Dueto the triangle
inequality, and sincep < r, sud a con guration always exists. We prove the
lemmafor the circle h,,; around €3, b, around €5 is treated analogously

Let by = h,,. be the circle around &; with radius r’, and b, the circle around
€; that touchess; and s, (g. 12 left). Considera point €, on @; and draw
the circle by with radius p around €,. This circle correspndsto the footprint
of the PSF certered at €,. Now we would like to comparethe result of the
convolution k,? 4 at € ande,. The corvolution resultsare determinedby the
amourt of overlap betweenA and by = K (&) and b, = K,(¢,) respectively.
To comparely\ A and b, \ A, we split the two circlesinto subsetsaccording
to g. 12certer (only by, by and b, are shavn in this gure). Circle by consists
of the subsetsf ;; f; f3; f4, whereash, consistsof f;f,;f3; f;. The subsetsf,
and f, are sharedby both circles, while due to symmetry f3;f} and f,;f}
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Figure 12. Left: The gray level at any point ¢4 6 ¢y on bs is smaller than the gray
level at cp; center and right: decomposition of the circles by and by into subsets (see
text).

are mirror imagesof ead other. In terms of the subsets,we can expressthe
convolution results as follows:

kf,\ Ak+ kfy\ Ak+ kfs\ Ak+ kf,\ Ak

K, ? =
kf, \ Ak+ kfa\ Ak+ kfi\ Ak + kfj\ Ak
(ky 2 a)(&:) =— ST :
p

By straightforward algebraicmanipulation we get:

KK k((kp 7 a)(&)  (kp? a)(€4)) = @)
kfs\ Ak Kkfj\ Ak+ kfs\ Ak kfj\ Ak

Sincethe radius of b, is smallerthan r, and its certer €; is betweeng, and €,
the boundary @, intersects@\ only at s, and s,. It follows that subsetf ; is
completelyinside of A, whereasf ; is completely outside of A. Hence,we have
kfs\ Ak = kf sk = kfik and kf ;\ Ak = 0. Inserting this into (1), we get

KK, k((k,? 4)(&) (K,? a)(e) = kflk kfZ\ Ak+ kfs\ Ak> 0 (2)

Thus, the gray level at €, is smaller than I. When €, is moved further away
from €y, the subsetf , will evertually disappearfrom the con guration (g. 12
right). If € is outside of ky, f; will nally disappear aswell. It can easily be
chedked that (2) remainsvalid in either case.Due to the de nition of €3, no
other con gurations are possible.Therefore,the gray valueson the boundary
@,.; are below | everywhereexceptat €.

It remainsto prove the samefor the interior of b,,.. Supposethe gray level
at point €2 |, werel’ |. By what we have already shawn, the assaiated
level line @.; cannot crossthe boundary @,.,; (exceptat the singlepoint ¢, if
I”="1). Soit must form a closedcurve within h,,;. Howeer, this curve would

20



crosssomenormal of @\ twice, in cortradiction to lemma18. This impliesthe
claim for outside circles. The proof for inside circlesproceedsanalogously O

We concludethat the shape of the level setsL, is quite restricted:

Theorem 20 Let A be an r-regular set, and L; any level set of K, ? 4, where
kK, is a flat disk-like point spread function with radius p < r. Then L; is r'-
reqular (with r' = r  p) and strongly p-similar to A.

PR OOF. The proof of r’-regularity follows directly from the de nition of r-
regularity and lemma 19. The required p-homeomorphismcan be constructed
asfollows: Becauseof the restricted curvature of @\, the normalsof @\ cannot
intersectwithin the p-strip A, around @\ (cf. [3,4]). Therefore,dueto 18, every
point s on @\ can be translated along its normal towards a unique point on
the given level line @ ; and vice versa.The distancebetweens and its image
is  p. This mapping can be extendedto the ertire R?-planein the usualway,
sothat we get a p-homeomorphismwith the desiredproperties. O

This nally allowsusto shav what happensduring the digitization of a setA
that was subjected to blurring with a PSF:

Theorem 21 (sampling theorem for blurred binary 2D images)
Let A be an r-regular set, L; any level set of kK, ? 4, where Kk, is a flat disk-
like point spread function with radius p< r, and S a grid with mazximum pizel

radius t" <t p. The S-reconstruction L} of L, is strongly (p+ r")-similar
to A.

PR OOF. By theorem?20,L, isr’-regularandthere existsa p-homeomorphism
betweenA and L,. By theorem 16, the S-reconstruction of an r’-regular set
with an r”-grid (r” < r’) is strongly r”-similar to the original set. In other
wordsL,; and (', arer”-homeomorphic Consequetly, thereis at leasta (p+r”)-
homeomorphismbetweenA and ;. O

Corollary 22 Since r" + p < r, any S-reconstruction of L; is strongly r -
similar to A, regardless of how the grid is rotated and translated relative to A
and how the threshold is chosen.
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9 Conclusions

In this paper we proved a powerful geometricsamplingtheorem.Put simply;, it

meansthe following: When an r-regular setin an arbitrary dimensionalspace
is digitized, the number and the inclusion properties of connectedcomponerts

of the setand its complemen are presened, and the digital componerts are
directly connected.Parts that wereoriginally connecteddo not get separated,
and the Hausdor distancebetweenthe original and reconstructedboundaries
is at most half the pixel diameter. As these claims hold for any regular or

irregular r’-grid in any dimension,they also hold for translated and rotated

versionsof somegiven grid. Thus, reconstruction is robust under Euclidean
transformations of the grid or the shape. In 2D, an ewen stronger version
of this theorem holds: Here, r-regularity is not only a su cient, but also a
necessaryondition. Moreover, topology is presened and boundary points are
guararteedto move at most half the pixel diameter, which ensureseven better

shape presenation.

The extensionof our theorem towards blurred imagesalso leedsto an intu-
itiv ely very appealing result: When we digitize an ideal 2D binary imagewith
any r”-grid, we canproperly reconstructa shapeif it is r’-regularwith r’ > r”.
But whenthe imageis rst subjectedto blurring with a PSF of radius p, the
set must be r-regular with r > r” + p. In other words, the radius of the PSF
must be added to the radius of the grid pixels to determine the regularity
requiremens for the original shape. It shouldalsobe notedthat r > r”+ pis
a tight bound, which for instance would be readed if A consistedof a circle
of radius r, and the threshold was 1 { in this case,any smaller circle could
get lost in the reconstruction. Howewer, for a single, pre-selectedthreshold a
better bound can be derived.

The 2D samplingtheorem21is closelyrelated to the ndings of Latedki et al.
[3,4] about v-digitization (and thus also squaresubsetand intersection digi-
tization). In their approad, the grid must be squarewith sampling distance
h, and the PSF is an axis aligned at squarewith the sqgngsizeasthe pixels.
Then, the pixel and PSF radius are both r” = p = h= 2, and the original
shape must be r-regular with r > r” + p = 2h. This is exactly the same
formula asin our case.We conjecturethat our results can be generalizedio a
much wider classof radially symmetric PSFs, but we can't prove this yet.

Sincestrong r-similarity is alsoa local property, we can still apply our results
if a2D setis not r-regularin its ertirety. We call a segmenh of a set'sboundary
locally r-reqular if de nition 3 holds at every point of the segmenh Theorem
11 then applies analogouslyto this part of the set becausethe boundary
segmeh could be completedinto somer -regular set wherethe theorem holds
everywhere,and in particular in a local neighborhood of the segmen
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Our results should be extendedin seweral ways: First, the generalizationto
arbitrary dimensional spacesshould be completed by proving or disproving
the conjecturesput forward in the paper. In particular, it would be inter-
esting to know which setscan be reconstructedunder presenation of strong
r-similarity. Secondthe resultson blurred imagesshouldnot only be extended
towards higher dimensions,but alsoto more realistic point spreadfunctions
in orderto be applicableto real cameraslt would alsobe usefulto investigate
what happensif the original shape was not uniformely coloredbut shaded,as
would be the casefor projections of real 3D scenesThird, sincer-regularity
of shapes cannot always be guararteed in practice (e.g. in the neighborhood
of a junction) it is necessaryto understandhow the reconstructionmay di er

from the original and how this may be recognizedand/or repaired.
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