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1 Introduction

Image segmentation is the task of dividing an image into meaningful parts corresponding to
objects or part of objects. It is generally seen as an important step towards the high level
interpretation of visual content. Over the last years so called energy function based approaches
became very popular as they lead to segmentations fulfilling a global optimality criteria. Such
methods are often formulated within a graph based framework. That means, a graph structure
is directly created from the pixel elements of an image with edge weights encoding the pairwise
similarity of neighboring pixels. Graph cuts can then be used to optimize certain classes of binary
energy functions. Especially, normalized versions of the minimum cut problem — which we call
normalized cuts — have been proposed. The usefulness of them in context of the segmentation
problem has been reported in the literature many times.

However, using graphs being derived from image pixels has two significant drawbacks:

1| The number of vertices in the graph equals the number of pixels and is therefore often too

high for a fast solution.

2| the pairwise similarities encoded in the edge weights can only be very simple as only the color

information at two points in the image is available.

The basic idea of this diploma thesis is therefore to use an initial segmentation step which provides
a first aggregation of the image elements into many small sized regions from which the graph is
then build. This preprocessing step significantly reduces the number of element to process and
makes the incorporation of more sophisticated similarity measures possible. Normalized cuts can
then be used to form the final segmentation.

We use two established segmentation methods for the initial segmentation step which are the
exact watershed transform developed by MEINE and KOETHE [2005] and the mean shift method
introduced to the field by COMANICIU and MEER [2002|. For the similarity measure we use three
different versions; two measures which can be directly derived from the regions of the initial
segmentation and one complex measure which is based on the earth mover distance.

The usage of normalized cuts in the described setting is the main interest of this work. For

this, we have identified five different types from the literature. Especially, we want to investigate:
How does the usage of normalized cuts improves the quality of the initial segmentation?
What are the inherent differences of the final segmentations if different cuts are used?

Is it possible to identify a normalized cut type which is superior to the other ones?
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In order to investigate how the selection of initial segmentation method, similarity measure, and
normalized cut impacts on the final segmentation quality we perform an exhaustive evaluation
of all possible combinations.

The rest of this thesis is organized as follows:

Chapter 2 starts with the definition of the image function which is used here as the mathe-
matical model for representing image data. A more elaborate discussion of the segmentation
problem and the graph based approach using graph cuts follows. Moreover, we describe the

exact watershed transform and the mean shift method for the initial segmentation step.

Chapter 3 first introduces the mathematical concepts needed for graph cuts. We give a more
general overview of graph cuts related approaches in computer vision and discuss how they
can be used for image segmentation. The different kinds of edge weights used for the graph
structure are introduced as well. After this, we focus on the class of normalized cuts giving an

overview of recent work and a detailed discussion of five different cut types.

The evaluation scheme is presented in chapter 4. We start with a brief introduction and
continue with a detailed discussion of the Normalized Probabilistic Rand Index which is used
here for assessing the segmentation quality. The chapter ends with a presentation of our

evaluation results.

In chapter 5 we give a summary of the thesis and our results along with some ideas which

could be the object of future work.

1.1 Mathematical Notation

We would like to briefly address the mathematical notation used throughout this thesis. For
matrices and vectors we always use a letter in bold face and for the components the same letter
with non bold face and the corresponding index, e.g. v = (v1,...,v,)". We use the symbol
“£7 in order to state that equality holds per definition. The following table gives an overview of
notations which either occur frequently during our work or are not further specified somewhere

else as the reader is expected to be familiar with them.

Numbers and Sets

R set of real numbers

R* set of positive real numbers including 0

R"™ space of n-dimensional real vectors

n the set {1,...,n} of natural numbers

A° complement of the subset A, A2 A\ V with ACV
|A] number of elements of A

|al absolute value of a € R
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(Z) binomial coefficient, (Z) A __nl

Vectors and Matrices

v’ transpose of x

||lv]] EUCLIDEAN norm of the vector v

1 vector of all ones, 1 2 (1,...,1)T

f*xg convolution of two real valued functions f and g

Vf(x) gradient of f: R" — R" at x, i.e. Vf(x) = (%{,...,%)T

diag(v) diagonal matrix with vector v on its main diagonal

Graphs

G always a simple graph, see definition 5 on page 11

V(G) the vertex set of the graph G, see definition 5 on page 11

E(G) the edge set of the graph G, see definition 5 on page 11

E(A,B) set of edges which have one vertex in A and one vertex in B, where
A and B are vertex sets of the same graph, see definition 12 on page
29

v(v) the value of a vertex weight function at the vertex v, see definition 10
on page 11

v(A) vertex weight function on a set of vertices, see page 30

w(e) the value of a edge weight function at the edge e, see definition 10
on page 11

w(A, B) edge weight function on a set of edges, see page 30

Miscellaneous

1 image function, see definition 1 on page 5

R maps a vertex (edges) of a region adjacency graph to its vertices

(union of edges) of the corresponding partition of the plane, see

definition 11 on page 13
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2 Image Segmentation

In this chapter we would like to describe the image segmentation problem in more detail and
how it is attacked in this thesis.

We start with the definition of the image function along with some related concepts. In the
following section we actually discuss the image segmentation problem and after this we come
to the graph based segmentation scheme. Finally, we discuss two state of the art segmentation
methods which are used here for the initial segmentation step: the exact watershed transform

and the mean shift algorithm.

2.1 The Image Function

The image function is a simple mathematical model for a digital image gained through some

kind of image acquisition process:

Definition 1 (IMAGE FUNCTION). An image (function) is a function
frwxh—D with (z,y)— flz,y] €D

where w € N is the width and h € N is height of f. In order to indicate the affiliation of the
co-domain D to f we also write D(f). An element of D is also called (image) value and we use

both notations f[x,y] and f[p] to denote the image value at a certain point.

For a co-domain D = 256> the symbol 4 is used for the image function and all values € D
are meant to be in the RGB color space. The symbol %,, represents an image function with
function values converted from ¢ into the CIE LUV color space. It is especially designed to
be perceptually uniform with respect of color differences, that is, for two image values x,y the
EUCLIDEAN distance || — y|| corresponds to perceived difference of a human observer. The
conversion can be done in two steps, first transforming an image value @ € D(¢) into the CIE
XYZ space by
(X,Y,2)" = M«

with

0.41 0.36 0.18

M £ | 021 072 0.07
0.02 0.12 0.95
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and afterwards computing the corresponding image value (L*,u*,v*)T in CIE LUV color space
by

903.3-Y else
u* 2 13L*(u' — ul)
v* £ 13L* (v — )

A { 116¢/Y — 16 if 0.008856 < Y

with
’U/ = L ’U/ £ L
X +15Y +37° X +15Y +3Z7
s 4X, N 9Y,

" X, 1 15Y, 132, ™ X, +15Y, +3Z,

[FOrRD and ROBERTS 1998|.
An image function can be extended such that it has image values for the plane R? by using
B-spline interpolation. More precisely, for an arbitrary position (x,y) € R? the corresponding

image value is defined through:

in('rv y) £ Z C(p)ﬁn(Z - .f)ﬁn(] - y)

PEWXh

using the recursively defined B-spline basis function of order n:

;[ﬁnl (n;rl%-x) <x+;>+ﬁn1 (n—gl_x) <$—;>} (2.1)

0 if <0

(1>

P

lI>
—
o
DO
~—

Bo

1 else

The coefficients ¢(p) can be effectively computed by recursive linear filters (more details can be
found in [UNSER et al. 1993a,b]). In figure 2.1 examples for spline interpolation with different
orders can be seen. For n = 0 we also drop the index n. Note that we write ¢[-] for the regular

image function and 4(-) for the extended version.

Implementation Notes The VIGRA image library by KOTHE [2000] contains functions for sev-
eral color conversions and data types which implement B-spline interpolation for images as well.
2.2 The Segmentation Problem

Image segmentation is generally seen as an important part of image analysis and computer vision.

Every standard computer vision textbook contains at least on chapter about image segmentation,
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Figure 2.1: Ezamples for spline interpolation of a scalar valued image function, all images are taken
from [MEINE 2008];(a): height of a ball indicates value of the image function at that position;(b): n =0
yields nearest common neighbor interpolation;(c)m =5 yields a very smooth interpolation

e.g. see [BALLARD and BROWN 1982; FORSYTH and PONCE 2002; GONZALEZ and WOODS 2006;
SHAPIRO and STOCKMAN 2001; SONKA et al. 2007| for some references. It has been examined
and studied by many researchers for almost the last four decades. Following ZHANG [2006] there
were almost one thousand publications on different segmentation algorithms up to 1994 with
constantly high number of publications over the last decade and with even increasing number of
publications over the last few years.

Although there has been such a lot of research on this, it remains unsolved for the general
case. The reason for this is that image segmentation is indeed no well-posed problem but rather
an intuitive and somewhat vague idea of a certain step in the process of image analysis. This sit-
uation is closely related to the lack of a general methodology for extracting semantic information
from digital images.

The term "image segmentation" is somewhat ambiguous as it actually has two common mean-
ings, the first is referred here as low-level segmentation and the second as high-level segmentation.
In the following we discuss what is understood under this terms and how they relate to each
other before our approach to the image segmentation problem is presented.

We use a small working example for a more intuitive and descriptive discussion. On figure 2.2a
an image from the BERKELEY Image Database (see section 4.1) is given. Considering the pic-
ture, it is easy for a human observer to tell that the prominent objects shown are two flowers.
Effortlessly, he could actually assign each region in an image to the object it belongs to. A
possible outcome of such a manual assignment is shown in figure 2.2b. The automation of this

task of "distinguishing meaning full parts of an image" is the concern of image segmentation:

Definition 2 (HIGH-LEVEL IMACGE SEGMENTATION). Image Segmentation is the division of an

image into objects and parts thereof.

It should be said that this definition does not lead to a well posed problem as it is not always
clear what actually constitutes an object or its parts. For our example, in figure 2.2c another

manual segmentation is shown which also identifies leafs of the background but does not contain
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(b) (c)

Figure 2.2: (a): an image from the BERKELEY Image Database;(b): a manual segmentation; (c):
another manual segmentation

segments for the leafs of the flowers as in figure 2.2b.

For a vision system capable of "detecting flowers" it would be required to actually have knowl-
edge about them, e.g. the parts they are composed of, shape and texture of those parts, the
environment they occur and so on. Such high-level knowledge is essential for the solution of
complex vision problems and, at the time being, must be appropriately modeled an incorporated
for each specific segmentation task.

Nevertheless, it is still reasonable to put effort into the development of general purpose image
segmentation methods which do not utilize any domain specific high-level knowledge. So called
low-level algorithms only exploit statistical regularities in rather simple features derived from
the image data. Common examples for those features are brightness, color, and texture. As our
world is visually not chaotic, it is reasonable to assume that regions being uniform with respect
to simple image features have a common cause, e.g. result from the same object or the same
part of an object. So, it is commonly believed in the computer vision community that image
analysis tasks can benefit in general from using such principles of organization irrespective of
a concrete problem domain. The following definition of low-level segmentation is adapted from
BALLARD and BROWN [1982] from which we think that it consolidates the relevant aspects of

what is generally understood under this term:

Definition 3 (LOW-LEVEL IMAGE SEGMENTATION). (Image) Segmentation is the grouping of
image elements of a certain image into regions (segments) which are homogeneous with respect

to one or more characteristics (or features) which can be assigned to each region.

Going back to our flower example, figure 2.3 shows two results from low-level segmentation
algorithms. Figure 2.3a shows a segmentation performed by a recent algorithm from MEINE and
KOETHE [2005] (more details in section 2.4). As one can see, the image is divided into many small
segments enclosing areas which are very homogeneous with respect to color. On figure 2.3b this
over-segmentation has been further improved using another low-level segmentation algorithm
(more details follow in section 2.3). As one can see, they perform already quite good together
in the sense of giving a first guess how a reasonable segmentation of the image could look like.

In summary, we would like to emphasize two aspects how low-level segmentation algorithms can
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(a) (b)

Figure 2.3: Two results of low-level image segmentation algorithms (a): oversegmentation with exact
watershed transform (b): the foreground cut of section 3.6 further improves this segmentation.

be useful for solving the high-level segmentation problem:

A low-level segmentation algorithm can provide a first change of representation, that is, chang-
ing from image pixels as atomic image tokens to more complex ones. This way, following process
steps can benefit from a first aggregation of information and the reduced number of elements

to process.

It is possible to get already quite close to the desired segmentation result even if no high-level

knowledge is used.

In this work we put our attention on the last point, that is, we would like to investigate how
good a certain class of low-level segmentation algorithms performs on the high-level segmentation
problem; more details are presented in section 2.3. However, it should be clear that due to the
ill-posed nature of the high-level segmentation problem statements such as “algorithm A is better
then algorithm B” are not easy to make. We ignore this problem for the moment and come back

to it in chapter 4 where the evaluation framework used is discussed.

2.2.1 Partition of the Plane

In the last section we use phrases like “division of the image” or “grouping of image elements” for
describing the segmentation task. We would like to be more specific what the exact meaning of
such formulations is actually supposed to be within this thesis.

A classical model for representing segmentation results is the label image which is an image
function mapping every pixel position to a label indicating the segment the pixel belongs to.
For the representation of segmentations with sub-pixel accurate segment boundaries a more
sophisticated model is needed. A partition of the plane R? for the extended image function is
suitable for this. The following definition is taken from [MEINE 2008, chapter 3, p. 29]':

!Actually, an equivalent definition was already given in KOTHE [2002] and proposed as a model for image
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Definition 4 (PARTITION OF THE PLANE). A partition of the plane is a tuple P 2 (V,E, F)

where

V C R? is a finite set of non-neighbored points called vertices,

EC 2% isq finite set of disconnected, pairwise disjoint, non-self-intersecting, open curves
called edges such that each e € E is homeomorphic to the open interval (0,1) and has its
endpoints (limits) in V, and

F C 2% is the set of connected components of R2\ (V U Uecp€) called faces.

The edges are here always polygonal arcs. A partition of the plane therefore divides R? into
several regions called faces. Note that there has to be at least one infinite face in each such
partition. In the following, each partition of the plane has exactly one such face “enclosing” the
image, cf. figure 2.4b.

Further note that we can always derive a partition of the plane from an label-image if we
insert polygonal arcs into the plane where pixels having different labels in the nearest neighbor
interpolation of the label image abut. An example for this can be seen in figure 2.4. The faces

of the partition of the plane then correspond to the 4-connected regions of the label image.

Figure 2.4: (a): nearest neighbor interpolation of a label image; blue points indicate pizel positions of
the original label-image (b): partition of the plane P for the label image; red lines are edges of P; green
points indicated vertices of P; the hatched pattern indicates the infinite face

2.3 Graph Based Segmentation

In this section we actually describe the segmentation approach used within this work. For this,
some basic concepts from graph theory are needed. Therefore, we start with a series of definitions
from this field.

segmentation

10
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2.3.1 Basic Terminology

Definition 5 (SIMPLE GRAPH). A simple graph is a pair of sets written G := (V(G), E(G))
where V(G) is a finite set of vertices, also called nodes, and E(G) is a set of edges of the form
{u,v} with u,v € V(G) and uw # v. For an edge e = {u,v} € E(G) the vertex u is said to be
incident to v as well as e is said to be incident to u. The sets V(G) and E(G) are also written
V' and E if the graph they belong to is clear from the context. If the set of vertices is given in

the form V(G) = {v1,...,vn} an edge {v;,v;} of G is also written e;; or ej;.
Definition 6 (COMPLETE GRAPH). A graph G = (V, E) is called complete iff E =V x V holds.

Definition 7 (SUBGRAPH). For a graph G a graph T is a subgraph of G iff V(T) C V(G) and
therefore E(T) C E(G). The subgraph T is also said to be induced by the set V(G).

Definition 8 (CONNECTIVITY OF A GRAPH). A graph G is connected iff for every pair of
vertices u,u' € V(QG) there is a sequence v1,...,v, of vertices of G such that u = vy, u = vy,
and {v;,vit1} € E(G) for all 0 <i<n—1.

Definition 9 (CONNECTED COMPONENT). A subgraph T of a simple graph G is a connected
component of G iff T is connected and adding an arbitrary vertez v € V(G) with v & V(T)
destroys the connectivity of T.

Definition 10 (WEIGHTED GRAPH). A graph G is a weighted graph with edge weight function
w if w 18 a function with
w: E(G) — R*.

Similarly, G is a weighted graph with vertex weight function ~ if v is a function with
v:V(G) = RT.
All subgraphs of G are then meant to be weighted graphs in the same sense.

Note that both the edge and vertex weights are always positive real numbers.

2.3.2 Energy Functions and Graph Cuts

Over the last few years so called energy minimization approaches to the segmentation problem
became popular. The idea is to define a function assigning an energy value to every possible
segmentation of an image. More precisely, if the segmentation problem is defined as assigning
a label £ € k to each image element of a given image with size w X h, we can represent each
possible segmentation as a vector %" with x; € k. The quality of a segmentation « is then

assessed through an energy function

E: kv S R2

11
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A good segmentation then is mapped to a small energy value and the process of segmentation
is modeled as a search for an optimizing argument for the energy function F. The advantage of
this method is that the resulting segmentation is optimal in a global sense. So, it is possible to
form segment boundaries where local techniques normally would fail.

For the success of such an approach the energy function must be defined properly, i.e. small
energies correspond to good segmentations, and there has to be an effective algorithm for op-
timizing it. Unfortunately, these two aspects are often competing such that a sophisticated
designed function often ends in a computationally intractable optimization problem. Therefore,
many energy minimization techniques used in vision are formulated within a graph based frame-
work where the image elements are represented through vertices with weighted edges connecting
neighboring elements. The advantage of these methods is that for weighted graphs certain bi-
nary optimization problems can be effectively solved with “graph cuts”. The energy value then
corresponds to the similarity of two resulting components of the bi-partition and is expressed as
function of the weights of the edges connecting them. As image segmentation is a non binary
problem, if more than two segments are desired, the graph cut methods have to be extended
somehow. It has been proposed to use graph cuts as hierarchical clustering tool by recursively
splitting a weighted graph and the resulting subgraphs until a stopping criterion is met (more
details follow in section 2.3.4). The usefulness of this recursive bi-partitioning has been reported
many times in the literature (see section 3.2.1.1 for references).

In this work we use graph cuts together with recursive bi-partitioning as the key component
for our segmentation scheme. However, the selection of a specific graph cut type is difficult
as they have been many suggestions in the literature. Graph cuts especially useful for image
segmentation are those which can be seen as normalized versions of the minimum cut. The
main ambition of this thesis is to investigate how the various exponents of these normalized
cuts perform in our segmentation scheme. A detailed description of the various graph cuts used

follows in chapter 3.

2.3.3 The Super-Pixel Approach

As we interested in using graph cuts for image segmentation the image data has to be converted
somehow into a weighted graph. Many graph based methods in vision use a graph being directly
derived from the pixel grid, see figure 2.5. We call graphs of this kind pizel grid graphs; they en-
code the common neighborhood relations of the image elements and edge weights often represent

some kind of affinity between them. The problem of using a pixel grid is twofolds:

1| The number of vertices in such pixel graphs is very high as it equals the number of pixels in the
image. For all images used here this number is greater than 120.000. While we above claimed
that graph cuts can be effectively computed, the computation time for problem instances of

that size is still too high for many applications.

2Note that only pixel accurate segmentations can be represented with this method if the components of a are
associated with pixel positions.

12
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(a) (b)

Figure 2.5: A 5 x 5 image (a) and the corresponding pizel grid graph (b) representing the 4- or 8-
neighborhood.

2] The edge weights in this graphs can only be very simple functions of the pixel intensities or
colors. This makes the usage of advanced similarity measures derived from color histograms,

texture, geometry, and such impossible.

The main idea of this work is therefore to employ a preceding segmentation step and then
to further improve this initial segmentation with aid of graph cuts. Hence, the graph used is
not derived from the pixels of an image and their topology but from the segments of an inital
segmentation step. This results in a region adjacency graph which can be derived from the

partition of the plane (see section 2.2.1):

Definition 11 (REGION ADJACENCY GRAPH). A region adjacency graph (RAG) of a partition
of the plane P = (Vp, Ep, Fp) is a graph G = (V, E) with:

The set of vertices V' has exactly one vertex for every face in Fp except for the infinite face.

The set of edges E has exactly one edge for every pair of vertices of G whose faces share at

least one edge in P.

The function
R:VUE —»RU2¥

maps every vertex of G to its face in P and every edge {u,v} of G to UeEN(u v € with N (u,v) =
{e € Ep|e is a common edge of R(u) and R(v)}.

This is in the spirit of the super-pizel approach of REN and MALIK [2003]. They propose
to use an oversegmentation in order to get a first change of representation from pixels as the
basic image elements to super-pixels. The use of super-pixels greatly reduces the number of
elements to process but maintains most of structure in the image data and thus appropriately
addresses drawback [1] of pixel grid graphs. Addressing drawback [2], as super-pixels are segments

we can derive more expressive edge weights exploiting the statistics of the enclosed pixels. As

13
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an additional advantage, the final segmentation can benefit from special characteristics of the
initial segmentation step. For example, the exact watershed transform produces super-pixels

with sub-pixel accurate boundaries.

Implementation Notes Recently, MEINE and KOTHE [2006] introduced the GEOMAP Frame-
work which is an universal approach for representing segmentation results. Here, we use a
partition of the plane together with a region adjacency graph in order to model the geometry
and topology of them. The GEOMAP is far more expressive then this: For example, it can also
appropriately handle non closed segment boundaries. We have decided not to use the GEOMAP
in order to keep the mathematical model as simple as possible. However, we do use the GEOMAP
datatype for the implementation of most of the segmentation related algorithms. It makes both
the computation of faces and their boundary statistics very easy. Actually, we also use the GE-
OMAP datatype for deriving region adjacency graphs. A detailed introduction to the GEOMAP
framework can also be found in [MEINE 2008].

2.3.4 Basic Segmentation Scheme

In the last sections we introduced the basic ideas for the segmentation scheme used in this
work. In summary, we perform an initial segmentation of the image which contains as much
potential segment boundaries as possible. This results in a partition of the plane from which
a region adjacency graph can be derived. For the region adjacency graph, edge weights are
computed encoding the pairwise similarity of neighboring faces. The RAG is recursively split
using normalized cuts until a stopping criterion is met. In more algorithmic form, the basic

segmentation scheme used throughout in this work reads:

Algorithm 2.3.1: basic segmentation scheme

1/ create an initial segmentation represented by the partition of the plane P
2| create a region adjacency graph G from P
3] compute the edge weights of G by inspection of the underlying image data of faces of P

4] by minimization of an energy function create a bi-partition of the vertex set of G yielding

two subgraphs 77 and T> and an energy value A

5] recursively repeat ;1 on 17 and 75 until A > stop where stop is a beforehand selected stop

parameter

6/ derive a new partition of the plane from the subgraphs which do not meet the stop criterion

We give some final notes on these steps which also give an overview of how the rest of this thesis

is organized:

1 We use the exact watershed transform of MEINE and KoeTHE [2005] for oversegmentation
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(see section 2.4). It is especially suited for this as it maintains much of the potential segment
boundaries and has the additional advantage of producing sub-pixel accurate segment bound-
aries. In order to get an idea of how exchanging this step can influence the segmentation results
we also use the mean shift method of COMANICIU and MEER [2002]. It is only pixel accurate

and produces very inhomogeneous segments with respect to size and shape, see section 2.5.

2 A nice property of the region adjacency graphs encountered here is that they are sparse, i.e.
the number of edges in such a graph is much smaller than the number of possible edges which is
n? with n being the number of vertexes. For example, the region adjacency graphs derived from
the watershed-transform of the BERKELEY Image Database have only & 0.0025% of the possible
edges. The sparsity can then be exploited for algorithms presented in chapter 3.

3| For the edge weights we investigate three different similarity measures which are introduced

in section 3.3.
4/ We investigate five different graph cut types which are discussed in the next chapter.

5 The parameter stop has to be selected beforehand. As the energy value A is interpreted as
the quality of the partition of G into 77 and T5, higher values for stop permit lower quality par-
titions. This recursive bi-partitioning together with a stop parameter has been used for several

normalized cuts, see section 3.2.1.1.

2.4 Watershed Transformation

The watershed transform has its origins in the field of mathematical morphology and was first
proposed by BEUCHER and LANTUEJOUL [1979]. It is a common tool for region based image
segmentation with an intuitive and vivid motivation.

The basic idea of the watershed transform is to use a topographic interpretation for a scalar
valued function f. Within this interpretation f maps certain positions in a terrain to its level
of evaluation. It is therefore common to use geographic terms for a detailed discussion of the
watershed transform’s concepts.

Imagine rain flooding the landscape described by f. Rain drops falling onto the terrain follow
a certain path along the surface of the terrain under the influence of gravity. This flowline starts
where the corresponding water drop hits the landscape and ends in the lowest point of a nearby
valley. Under this assumption, each valley can be seen as a catchment basin corresponding to a
local minimum and a surrounding influence zone for which every flowline ends in this minimum.
The division lines between catchment basins are called watersheds and form a tessellation of
the terrain. For image segmentation, we can use a boundary indicator (function) that expresses
strong evidence for a boundary at a certain image position in terms of a high scalar value.

In an alternative view, flooding is done by piercing holes into the surfaces at local minima.
Immersion of the landscape into a lake would cause the catchment basins to gradually fill up.

Watersheds now correspond to dams build during the flooding process to prevent water of neigh-
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boring basins to converge.

In order to be usable for image segmentation, an efficient algorithm for detection of watersheds
or catchment basins is needed. Depending on a certain algorithm and its underlying mathemat-
ical model of watersheds, various segmentation results are possible. Indeed, there are many
algorithms available, see e.g. [ROERDINK and MEIJSTER 2000] for an overview. Here, we only
use a recent algorithm developed by MEINE and KOETHE [2005].

2.4.1 The Exact Watershed Transformation

The exact watershed transformation is capable of identifying watersheds with sub-pixel accuracy.
This is possible if one switches from the discrete domain, i.e. from the pixel grid, to the continuous
domain by using a spline interpolated version of the boundary indicator. This approach has

several advantages [MEINE 2008, Chapter 4, p. 88]:
The geometry of the watersheds is much better compared to their discrete counterparts.

Discrete Watersheds often produce wrong or miss boundaries as the minimum and watershed

detection is limited by the precision of the pixel grid.

STEGER [1999] was the first one who used the idea of exact watersheds in connection with
MAXWELL’s definition of watersheds (see below) to develop a computational tractable algorithm
for digital terrain models. MEINE and KOETHE [2005] further improved the method of STEGER
and made it applicable for image segmentation. A more exhaustive discussion of the exact
watersheds method can be found in [MEINE 2008, Chapter 4, p. 88 et seqq| on which the following
text is mainly based.

If some restrictions on f are imposed, watersheds can be build from critical points of f using
MAXWELL’s definition which says that watersheds are flowlines connecting saddles with maxima.
This definition does not exactly match the informal description of watersheds given above, but
can be used as a starting point.

Let f be an at least twice differential real valued function with all critical points isolated, i.e.
f is a MORSE function. This restrictions ensure that all critical points are non-degenerate, i.e.
there are no plateaus and monkey saddles. Moreover, for every non critical point p € D(f) there
is a unique flowline

2 : [0,00) — D(f)

which obeys the first order differential equation

ox

o = V() (23)

with inital condition @ (¢) = p. Each flowline converges to one critical point ¢, i.e.

lim (t) = ¢ and Vf(c) =0,

t—o00
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which is either a minimum or a saddle of f. Since every catchment basin consists of a minimum
m and all points whose flowline ends in m, a watershed must consist of flowlines starting near
a maximum and ending in a saddle. For each saddle there are exactly two of those flowlines
which “enter” it in two opposite directions. So, we determine all interesting flowlines by taking

an infinitesimal small step in one of this directions and follow equation (2.3) upwards until a
maximum is reached, see figure 2.6.

i T
- J
m ﬂ\\\\ \\\\\\\\\\\\\l\\\\l\lll‘ [T

Figure 2.6: A terrain with critical points (mazima (blue), minima(red), and saddles(green)) and flowline
tracing (taken from [MEINE 2008])

However, some of these flowlines may not correspond to watersheds as depicted R

in the figure on the right: The configuration of critical points shown can be inter- A
preted as an “isolated mountain”. The flowline shown connects a maximum (triangle

pointing upward) with a saddle (circle), but drops falling on opposite sites of this

flowline would flow to the same minimum (triangle pointing downward) and thus the flowline
cannot be a watershed and must be eliminated somehow afterwards (this example is taken from
[STEGER 1999]).

Finally, all valid flowlines, and maxima can be connected into a graph in which each pair of
flowlines originating in the same saddle corresponds to an edge and the associated maxima are
the vertices. The catchment basins enclosed by the flowlines then form a division of the image
plane with sub-pixel accurate boundaries.

Putting all together, there are three steps to perform for segmentation:
Find all critical points of f,

for each saddle point compute both flowlines that end in a maximum, and
determine all regions enclosed by flowlines and the associated boundaries.

The well known method by NEWTON and RAPHSON is suitable for both effectively and precisely
detecting critical points if applied to each pixel with possibly several starting points (see [MEINE
2008, Chapter 4, p. 90 et seqq| for more details).

For the computation of flowlines all critical points must be classified to be either a minimum,
a maximum, or a saddle. Since f is a MORSE function, this can be effectively done by examining

the eigenvalues e, es of the HESSIAN H of the boundary indicator f at a critical point p: For

17



2.4. WATERSHED TRANSFORMATION CHAPTER 2. IMAGE SEGMENTATION

both e1,es being positive p is maximum, for both ej, es being negative p is a minimum, and
otherwise p is a saddle. Then, for the integration of equation (2.3) a RUNGA-KUTTA method
with adaptive step size can be used. This yields a polygonal arc (p1,...,p,) where

p1 is a saddle,

p2 = p1 £ Tep is the starting point for the RUNGA-KUTTA method with e; being the unit
length eigenvector of the positive eigenvalue of H at p; and 7 being the inital step size (here

we use 0.1),
P3, ..., Pn—1 are points detected by the RUNGA-KUTTA procedure, and
Py, is the closest maximum with |p,—1 — pn| < 7.

For the final result “artificial” vertices and flowlines are added: For a flowline which runs near
the boundary of the image (measured with some kind of threshold) a new vertex is added on
the boundary and the flowline is connected to it. Moreover, all boundary vertices in turn are
connected with artificial flowlines which run on the boundary. This results in a partition of the

plane in the sense of definition 4.

2.4.1.1 Boundary Indicator

For the application of the watershed algorithm to images a suitable boundary indicator function
has to be chosen. Here, we use the magnitude of the common GAUSSIAN gradient extended for

an image function ¢ with n color channels:

ggm; . (p) = \/H(VxGa * ) (P)II* + 1(VyGo x 9) ()|

with

and

(VGo%0)(p) £ (VGo xi1) (D), ... (VGo xin)(p))T

An example of the GAUSSIAN gradient magnitude for two images of the BERKELEY Image

Database can be seen in figure 2.7.

2.4.1.2 Discussion

An example of a watershed segmentation described so far is depicted in figure 2.8. Note that

the watershed transform produces sub-pixel accurate boundaries and possesses strong over-
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Figure 2.7: The values of ggm, , for two images of the BERKELEY Image Database with o = 2

segmentation.

Another feature of watersheds can be seen in figure 2.8¢: All flowlines shown converge tan-
gentially to the same maximum (yellow). While this is a typical property of watersheds and
not problematic in theory, there are some serious implications: In practice, flowlines can run
in parallel into a maximum because of precision issues of the numerical methods used. Recall,
we are interested in the regions enclosed by the flowlines, their neighbourhood relations, and
similarity measures which can be derived from the enclosed regions and their boundaries. The

tangential convergence property of flowlines can impact on these quite considerably:

1| In order to actually derive the regions enclosed by the flowlines and in order to derive the
adjacency relations of these regions it is necessary to sort all flowlines ending in a common
point with increasing arc length (with an arbitrary starting edge). As it can be seen in

figure 2.8e this is a nontrivial task .

2| While the adjacency structure of the faces is consistent, it can have undesired properties as it
can be seen by visual inspection of figure 2.8d: Region r; is both adjacent to ry and 73, but

ro is not adjacent to r3 due to the parallel part of two flowlines f; and fs.

3] Most of flowline f; in figure 2.8d does not belong to the common boundary of region r; and
ro from a geometrical point of view. As a consequence, similarity measures based on the

common boundary of two regions can become completely unreliable.

In order to overcome [1] MEINE proposed a sophisticated method for tracing a bundle of parallel
running flowlines until they diverge from each other and successively determining the order in
which they enter a maximum (see [MEINE 2008, p. 94 et seqq| for details). For [2' and (3| one can
merge parts of flowlines running in parallel and inserted new vertices at the points where they
run apart (again, see [MEINE 2008] for details).

Another problematic feature of the watershed segmentation is the occurrence of so called
streamers between “real” edges running in parallel: They consist of two flowlines each starting

from a saddle in the valley between two edges, running uphill on the ridge of the surrounding
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Figure 2.8: (a): an image from the BERKELEY Image Database; (b): watershed segmentation with
gaussian gradient magnitude as boundary indicator (o = 3.0); (c): enlarged detail of (a) with mazima
as graph vertices (d): enlarged detail of (c) which shows a problematic flowline configurations (f1 and fo
which end in the marked mazimum) (e): enlarged detail of (¢) which shows a maximum (yellow) with
flowlines converging tangentially to it; green points mark positions where the flowlines are break up and

new artificial maxima are inserted
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edge, and finally converging to a maximum. FExamples of those streamers can be seen in fig-

ure 2.9b. Note that they indeed do not correspond to low contrast edges and thus unnecessarily

oversegment the image.

(b)

Figure 2.9: (a): an image from the BERKELEY Image Database;

(b): part of the corresponding watershed segmentation with gaussian gradient magnitude as boundary
indicator (o0 = 2.0). Red line indicate flowlines, dotted edges are streamers which can successfully be
removed using the structure tensor (o' = 1.50)

MEINE [2008] discusses several possibilities to overcome these artifacts. Among the most ef-
fective methods is the usage of the structure tensor which allows filtering of responsible saddle
points even before the flowlines are traced 2. This method exploits the fact that the streamer’s
flowlines first run orthogonally towards the nearby edge and that the gradient around the cor-
responding saddle is thus dominated by the real edges. More formally, let p be the location of
a saddle in the boundary indicator f and g £ Vf be the gradient at that position. Then the

gradient orthogonal to the direction of the flowlines can be computed with

bsog = VT - Sy m (2.4)
where S, 2 (gg")* G, is the structure tensor at p and m is an unit length vector perpendicular
to the vector pointing in the direction of the flowlines which can be determined from the HESSIAN
at point p. The parameter o’ scales the GAUSSIAN in the structure tensor and thus determines
the “influence zone” of it. As the boundary indicator f is computed from the original image
by convolution with an GAUSSIAN kernel with scale o (see section 2.4.1.1) ¢’ should be slightly
larger than o [MEINE 2008, p. 105 et seqq]. It is even better to discard the strength of the
gradient in that direction and solely stick to the directional information instead. This can be

done by normalizing dsog by the first eigenvalue of S,/ (the index ¢’ is dropped in the following

8 Actually, using the structure tensor for this was originally suggested by ULLRICH KOTHE. We cite the text
of MEINE [2008] in this context here as for the time of writing only this text was available to the author.
Additionally, the further discussion is also based on MEINE [2008] which contains an elaboration of this idea
along with comparisons to other filtering methods.
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for better reading):
2
5sdm £ 5sog
AL,s

where A\ g can in this case be easily computed [MEINE 2008, p. 94 et seqq]:

ALs = S11+ S22+ %\/(511 — 592)2 +4- 5,

As one can see from figure 2.9b this criterion is suitable for suppressing the occurrence of the
streamers even before the actual flowlines are traced which means both an increase in performance
and in segmentation quality. We therefore apply this to every watershed segmentation (with
o' = 1.50 for equation (2.4)).

Finally, we give two examples for watershed segmentations in figure 2.10.

2.5 Mean Shift

The mean shift procedure is a non parametric clustering method for feature spaces with an
EUCLIDEAN metric. Originally introduced by FUKUNAGA and HOSTETLER [1975], it was long
forgotten until rediscovered and brought back into the field by CHENG [1995] and applied to the
problem of image segmentation by CoMANICIU and MEER [2002, and references therein|. Unlike
many classical clustering techniques, mean shift clustering can be applied to arbitrary structured
feature spaces without stating any assumptions about the type of the underlying distribution or
the number of clusters present.

One can think of the vectors of a feature space as samples of a probability density function
(PDF). Then, dense regions correspond to maxima of the PDF, the modes, which are among
the points where the gradient of the PDF vanishes. The mean shift procedure employs a kernel
to find all modes and their basins of attraction, that is, it maps each feature vector to a mode.
This mapping represents the final clustering outcome of the procedure and is effectively done
in the manner of a deepest ascent method with adaptive step size. Hence, its parameters only
determine the type and size of the kernel.

More formally, for a set S 2 {x1,...,x,} of samples with ; € R? (with EUCLIDEAN metric)

the well-known multivariate kernel density estimator with bandwidth o for a PDF f is

Frc(x) & nidZK<m;mi> _
=1

For the mean shift procedure we are only interested in radially symmetric kernels of the form

K(x) £ ¢ k(|2

where k is the kernels profile and c is in the following always a constant such that the expression
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Figure 2.10: Two examples for the exact watershed transform with o = 2.0.
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at hand integrates to one. Now, we would like to reveal the structure of f by an estimation of

its gradient

V ik (x) = % 3" Vkoi(x) (2.5)
=1

= Y @ w)k (@) (2.6
=1

where ko,i(x) 2 k([ 252

following equations

2). With ¢ £ —k' and using some simple arithmetic, one gets the

n

2c

V fie(w) = e > (@i —@)goi(x) (2.7)
2
_ 2% - (o > i1 ®igoi(®) -
" [ sl )] S 28)

The term m(x) denotes the mean shift away from « (under the kernel G). Note that the first

term in equation (2.8) is proportional to fg(x), so we finally arrive at

T (2.9)

m(x) = %hza

Because of equation (2.9), the mean shift at a certain position points in the direction of the

estimated gradient and is normalized by an estimation of f at that position. The normalization

ensures a large magnitude of the mean shift in sparse regions and a small magnitude in dense

regions, i.e. near modes of the density function. Hence, in order to find the mode near a given
sample x one can use the simple iterative scheme

y*) = m(y") (2.10)

with ¥ = & which corresponds to a deepest ascent technique with adaptive step size.

2.5.1 Mean Shift and Image Segmentation

For color image segmentation the mean shift method can be applied to the joint feature space
derived from an image function, i.e. each vector has the form = = (z,, xy) with i (zs) = xy
and &g € w X h with w being the width and h being the height of the image function. We also
write x; in order to denote the corresponding vector of the i-th pixel given an arbitrary but fixed
enumeration of the pixels. The CIE LUV color space (see section 2.1) is used instead of the RGB
color space to take account for that the EUCLIDEAN distance is used for the kernels.

Both the EPANECHNIKOV and normal kernel was shown to be suitable for image segmentation
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)

[ComaNIcIU and MEER 2002]. Here, we use the normal kernel
2

kn(z) £ exp (—32) .

L

Kn(z) £ % kn ( s
oioy of

s

with profile

Note that the normal kernel is decomposed in a spatial and in a feature part in order to account

for proper normalization. Moreover, for a fast implementation the kernel should have finite

support, so the spatial part is truncated for ||| > 305.

Figure 2.11: Part of the bird image; red points indicate starting points of the mean shift filtering, red
polygon lines describe mean shift steps, and blue points are convergence points

We run the iteration scheme represented by equation (2.10) for each pixel as a starting point.
Convergence is then assured for the normal kernel within infinite number of steps (see |[Co-
MANICIU and MEER 2002] for more details); for a finite number of steps an upper bound on
the magnitude of the mean shift is sufficient or equivalently by setting an upper bound on the
difference of consecutive iteration steps, i.e. ||y(i) — y(”l)” < 7 for some small 7, e.g. 1072,
The resulting mode of the procedure for each pixel is written z;. This is also called discontinuity
preserving filtering. An illustration of the iteration steps taken for some pixels can be seen in
figure 2.11; the filtering of a whole image is depicted in figure 2.12.

For the final segmentation outcome, two pixels are assigned to the same segment if they are

in the same equivalence class of the relation formed by the transitive closure of
wi~ay it ze5 =zl <os Alzps— zpll <oy

For an effective implementation of this fast access to the neighboring modes of a given pixel
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must be possible. This can be achieved with a kd-tree data structure [BENTLEY 1975]. The final

outcome of the technique is a partition of the plane with pixel accurate segment boundaries, see

figure 2.13 for examples.

Q\\\

]

Figure 2.12: Two images after discontinuity preserving filtering with o, = 8 and oy = 10
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Figure 2.13: Two mean shift segmentations with o, = 8 and oy = 10
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3 Graph Cuts

The last chapter introduced our image segmentation framework which in its heart relies on
minimization of an energy function assessing the segmentation quality. In this chapter we want
to shed some light on the nature of that functions. To be specific, all energy functions in the
focus of this thesis are tightly connected with the term “graph cuts” and we now turn to a more
exhaustive discussion of this concept.

The remainder of this chapter is organized as follows: A formal definition of graph cuts is given
first along with some useful terminology. An overview of different graph cut based applications
in the field of computer vision follows. Then, we present some similarity measures used here for
the weighted graphs. As already noted in the last chapter, only the class of so called normalized
cuts is in the focus of this work. A detailed discussion of each normalized cut used here and an

algorithm to compute it is presented at the end of this chapter.

3.1 Basic Terminology

We start with a series of definitions which are used thoroughly for the rest of this chapter. Central

to these definitions is the concept of graph cuts:

Definition 12 (cur). Let G be a connected graph. For two sets A, B C E(G) the term E(A, B)

denotes the set of all edges of G which have one vertex in A and the other vertex in B, i.e.
E(A,B) =2 {{u,v} € E(G)|u € AANv € B}.
A set of edges C' C E(G) is a (graph) cut iff
JACV(G): E(A A% =C.

We emphasize this connection by the formulation A induces a cut on G. A cut is nontrivial
iff both A and AS are nonempty and connected iff both the subgraphs induced by A and A€ are

connected. The sets A and A° are also called the components of the cut.

So removing all edges in a cut from a graph G “cuts” G into two disconnected parts and therefore

imposes a bi-partition on the graph, i.e. a partition of the vertices of GG into the sets A and A°€.

Definition 13 (TERMINAL CUT). A cut E(A, A%) is a (s,t)-cut iff for two selected terminals
s,t € V(G) - also called source and sink — s € A and t € A holds. A (s,t)-cut is also called
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(two) terminal cut. The set A\ {s} is the source set and all edges incident to the source are
called source edges, the terms sink set and sink edges are defined analogously. A terminal cut

1s trivial iff the source set only contains the source or if the sink set only contains the sink.

Figure 3.1: A small example for graph cuts: The cut shown (dotted line) cuts several edges of the graph
yielding a partition into the sets A and A°. This is also a valid terminal cut if the terminals are s and t.

Definition 14 (CROSSING CUTS). Two cuts E(A1, AJ) and E(Asz, AS) cross iff all of the following
sets

A1 N Az, A1 N AS, As N AT and AT N A5
are nonempty.

Figuratively speaking, two cuts cross if two lines running through all edges of one cut intersect or
formulated the other way round, two cuts do not cross if one component of one cut is completely

contained in one component of the other cut.

Definition 15 (CUT VALUE). If G is a weighted graph with edge weight function w, the term

WA A2 Y w(e)

e€E(A,Ac)

denotes the costs or cut value of the cut induced by A.

Note, that we use the symbol “w” both for a function defined on edges and as a function defined
on a set of edges and that we also write w(A, A°) instead of w(FE(A, A°)). The same applies for

“~” which we use for a function on vertices and as a function on a set of vertices:

Y(A) £ ().

vEA

This is used very often in the remainder of this chapter but should be unproblematic since the

meaning is always clear from the context.

3.2 Graph Cuts in Computer Vision

A classical problem of extremal graph theory is to find a cut with minimal costs:
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Definition 16 (MINIMUM CUT). For a graph G a cut C = (S, S) is a minimum cut if its costs

are minimal, i.e.

w(S,8°) = Arr%/i](aG)w(A, A°).
C

The problem of determining a minimum cut for a given graph G is then the minimum cut problem

and the minimum terminal cut problem is the problem of determining a minimum cut which is

also a terminal cut for two beforehand selected terminals.

Note that for a given graph there can be several cuts which fulfill this property. We occasionally
use formulations of the kind "the bi-partition gained from application of a cut” by which we refer
to the two components solving the minimum cut problem (or a normalized cut problem) for a
specific graph.

For the field of computer vision both optimization problems, the minimum cut problem and the
minimum terminal cut problem, have become quite popular for a wide range of applications. The
minimum terminal cut problem is tightly connected to a certain class of energy functions which
are very useful for many computer vision applications. It is dual to the well-known maximum
flow problem [FORD and FULKERSON 1962|. This connection enables us to use one of several
algorithms for the maximum flow problem which are of polynomial runtime with small constant
factors. An overview of many minimum terminal cut algorithms along with a performance
evaluation with focus on computer vision can be found in [Boykov and KOLMOGOROV 2004].
The more general minimum cut problem, i.e. without terminals, can be used as a starting point
for several graph based hierarchical clustering tools which are here subsumed under the term
normalized cuts?.

In the following, we give an overview of how the minimum (terminal) cut problem is related
to applications in the field of computer vision. This investigation is headed against the question

how these approaches can be used for image segmentation which is the main interest of this work.

3.2.1 Recent Work

The first application of minimum terminal cuts as combinatorial optimization tool in vision was
presented in [GREIG et al. 1989] for binary image restoration. Being unnoticed by the community
by a long time a similar approach based on this work was reported in [BOYKOV et al. 1997] and
used for the stereo correspondence problem. In the following years the usefulness of this approach
was realized. This led to the development of several similar techniques which can be applied to
other fields of vision such as motion, image synthesis, multi-camera scene reconstruction and semi
automatic/interactive image segmentation (for an overview with references see e.g. [BOYKOV
2005; Boykov and FUNKA-LEA 2006; KOLMOGOROV and ZABIN 2004]). As far as computer

vision is concerned, the term “graph cut” is therefore often associated to this kind of applications.

'the term “normalized cut” is often associated with the well known work of SHr and MALIK [2000]; we use this
term also in a more general meaning for all cuts which can be seen as normalized versions of the minimum
cut.
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The essence of these methods lies in the minimization of an energy function of the form

E(z) = Z E(a) + Y BV (2, x)) (3.1)

1<j

with @ = (21, ...,z,) and x; € k. While many authors used their own graph constructions along
with some theory to show the correctness of their results, a general framework is presented in
[KoLMOGOROV and ZABIN 2004]. It shows under which conditions minimizing arguments for
energy functions of the form (3.1) can be found with minimum terminal cuts in appropriate
constructed graphs. A general construction scheme for these graphs is given as well. Note, that
energy functions of the form (3.1) correspond to optimization problems with possibly k different
assignments to the components of the input variable . A main contribution of the work of
KoLMOGOROV and ZABIN is how these more general problems can be attacked with the aid of
minimum terminal cuts. However, solutions to these problems can not guaranteed to be optimal

except for the binary case.

As image segmentation is of main interest here, we briefly want to investigate how these energy
functions can be used for it. Most of the work published within this context relates to interactive
image segmentation where image data is divided into “back-" and “foreground” items based on
inter-pixel affinities and some kind of user input. Examples of those segmentation techniques
are presented in [Boykov and JoLLy 2001; Boykov and KOoLMOGOROV 2003; BoYKoV and
FuNkA-LEA 2006; L1 et al. 2004]. All of them use the following energy function

E(@) =Y [(1 —a)pr(i) + @i -pp(i)] + Y w(i,j)(w — x;)° (3-2)

1<j

’ Ei(x;) B (zi,25)

with z; € {0,1}. The function w encodes the affinity between nodes as a function of the corre-
sponding pixel intensities and distances (or as a function of features of super-pixels (|LI et al.
2004]), voxels [Boykov and FUNKA-LEA 2006] or other entities). The functions pp and pr rep-
resent the possibility that a pixel belongs to the background or foreground. These possibilities
can be estimated if samples of both distributions are known which in turn requires some complex
preprocessing or manual input. Functions of this form can be minimized via minimum termi-
nal cuts in graph constructions depicted in figure 3.2 (for n = 3). This approach is especially
qualified for semi-automatic image segmentation since some image elements can be manually
specified to be in the fore- or background. These pixels are often called seeds as the functions
pp and pr can then be computed from them. A minimum terminal cut in the associated graphs
then corresponds to an argument for (3.2) which minimizes the affinities between pixels on the
boundary of the fore- and background and maximizes the probabilities that the pixels within the
two segments were classified correctly. However, this approach is not investigated further here as
for non interactive segmentation the seeds have to be computed automatically. Nevertheless, we

can use a similar approach for the foreground cut which only requires the selection of one seed
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for the background (see section 3.6 for more details).

: t
pB(v2) |
/ T
w13
D, w12 ’L w23 O
v1 V2 U3

Figure 3.2: An example of the graph construction for three pizels for a binary segmentation problem.
The cut yields the bipartition {{vi,va},{vs}} and has cut value pp(1) + wy3 + was. Note that the seeds
are {v1} for the foreground and {vs} for the background and therefore have edge weights of infinity in the
graph.

An unsupervised segmentation procedure based on energy functions similar to (3.1) was pub-
lished in [ISHIKAWA and GEIGER 1998]. Their work is an example of how minimum terminal cuts
can be used in graphs not being a “simple” extension of a pixel grid graph such as in figure 3.2.
Instead, they use a fairly complex graph construction in order to solve a non binary segmentation
problem directly with minimum terminal cuts. The selection of seeds is not done manually but
is based on junction detectors which identify points in the resulting segmentation.

A rather distinct approach was demonstrated in [VEKSLER 2000]. He uses a simple extension of
a pixel grid graph’s dual with edge weight function w to find the smallest A € [min.w(e), max.w(e)]

and a series (51, 5Y), ..., (Sm,SS,) of noncrossing cuts with
w(Si,85) <l-Xand k< |S;| <|V|-k Viem (3.3)

where £ is the number of pixels on the border of an image and k a free parameter avoiding
trivial solutions of the optimization problem and small segments. The desired cuts can be found
with binary search on A and O(|V|) invocations to a minimum terminal cut algorithm for each
different A. In fact, VEKSLER problem formulation can be seen as instance of the parametric

terminal cut problem which we use in section 3.6 for the foreground cut problem and therefore
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could be solved more effectively without binary search.

3.2.1.1 Normalized Cuts for Image Segmentation

We now turn to the above-mentioned normalized cuts which can be seen as the second main
class of graph cut based methods in computer vision. They are especially suited for unsupervised
image segmentation since no sophisticated preprocessing for seeds selection is needed. All cuts
presented in the rest of this section are investigated in detail within this work such that the
following text is meant to be only an introducing overview and motivation.

The work of Wu and LEAnY [1990, 1993] can be seen as the starting point for this branch of
segmentation methods. Instead of using minimum terminal cuts for extended pixel grid graphs,
the idea of WU and LEAHY was to directly search for minimum terminal cuts in the “pure” pixel
grid graph. If the edge weights in such graphs correspond to pairwise similarities of pixels, a cut
with minimal costs splits the graph, and thus the image, into two parts divided by a common
high contrast boundary. WU and LEAHY presented an effective algorithm capable of effectively
determining all possible minimum terminal cuts of a graph which can be used to create a globally

optimal segmentation. They successfully used this segmentation method in the field of tissue

oA
e AC

classification in MR images and for segmenting aerial images.

minw(A,Ac) ® ®

desired cut
®

Figure 3.3: Bias of the minimum cut to small regions; all points in the figure represent nodes of a
complete graph (every node is connected to all other nodes) and the position of each point indicates the
edge weights of the graph (nodes close to each other are very similar). A desired cut in such a graph
would separate group A from group AC.

However, as already noted by the authors, the resulting segmentations suffer from many small
regions. This bias to small regions is due to the minimum cut on which their optimality criterion
is based. The reason for this can be seen from figure 3.3: Assume a node for each point in the
figure connected to all other nodes with edge weight inversely proportional to their EUCLIDEAN
distances. The arrangement of the points suggests a separation into a left and a right half but

a minimum cut separates one node from the others. The minimum cut has this tendency to

34



CHAPTER 3. GRAPH CUTS 3.2. GRAPH CUTS IN COMPUTER VISION

separate small sets of isolated nodes as the costs of the cut also increase with number of edges
in it.

This situation initiated many suggestions in the literature on how to appropriately extend the
minimum cut problem. The basic idea of all of them is to scale the costs of the edges in the cut

such that more balanced partitions are favored:

w(A, A°)

A=

(3.4)
where f is usually a function defined on the edges in the cut or a function defined on the vertices
in A and A°. Due to the form of the resulting energy functions, they are subsumed here under
the term normalized cuts.

The exact nature of the energy function used strongly depends on the existence of an effective
algorithm for determining an optimizing cut. While the classical minimum cut and the foreground
cut problem is solvable in polynomial time all other cut problems presented below are NP-hard
for general graphs. The reason why they can be used for image segmentation nevertheless is
twofold. On the one hand some cost measures become computational tractable if they are used
only for a more restricted class of graphs such as the class of planar graphs. On the other hand
it is sometimes possible to use some kind of relaxation of the original problem which can be
effectively computed and used as an approximating solution. An overview of the graph cuts

which are in the scope of this work is depicted in table 3.1.

name formula complexity section |
minimum cut cut(A4, A°) = w(A4, A°) p 3.4
A, AC
mean cut mcut(A, A°) £ “1 EA e ; NP 3.5
w(A, A

foreground cut fecut(A, A%) = (()) p 3.6
o . w(4, A%)

isoperimetric cut icut(4, A%) & — NP 3.7

min {7(4),7(A°)}

w(A,A%)  w(A, A°)
v(A) v(A°)

normalized cut ncut(A, A°) £ NP 3.8

Table 3.1: Overview of the different normalized cuts used within this work

In order to overcome the problems of the minimum cut WANG and SISKIND [2003] presented

a normalized version they refer to as the

ratio cut”. Their cut measure yields a perceptual
appealing image segmentation if recursive bi-partitioning is applied starting from a pixel grid
graph. The ratio cut is a generalization of the “mean cut” which was introduced in a previous
paper [WANG and SISKIND 2001] and has better runtime complexity. Since only the generalized
version is investigated here, we use the term “mean cut” instead of “ratio cut” nonetheless. A

minimum mean cut can be effectively computed if the encountered graph is restricted to be
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planar and only integer edge weights are used. The corresponding algorithm is presented in
detail in section 3.5.

A popular approximation scheme for cut measures is spectral relozation where an eigenvalue
decomposition of a graph’s LAPLACIAN is used in connection with thresholding techniques. An
example of such a relaxation scheme was presented by SH1 and MALIK [1997, 2000] who were
also the first using a normalized version of the minimum cut for image segmentation. SHI and
MALIK also used their normalized cut for recursively splitting a pixel grid graph. It is probably
the most prominent example of using graph cuts in this field. Another example of using spectral
methods is the “average cut” of SARKAR and SOUNDARARAJAN [2000] which can be seen as a
more simpler variant of the normalized cut of SHI and MALIK. Both cut measures are discussed
in more detail in section 3.8.

Spectral methods can also be used for the “foreground cut” [PERONA and FREEMAN 1998].
PERONA and FREEMAN did not explicitly tested their method for image segmentation but for
line grouping and as clustering tool in general. For the foreground cut we do not use spectral
relaxation but instead present a polynomial algorithm in section 3.6.

GRADY and SCHWARTZ [2006a,b| proposed the “isoperimetric cut” for image segmentation.
They also used recursive bi-partitioning of a pixel grid graph. Although their are also spectral
methods for this cut (see [GRADY and SCHWARTZ 2006a]| and references therein) a new simpler

linear approximation technique was presented, see section 3.7 for more details.

3.3 Similarity Measures

In this section the different kinds of edge weights measuring the similarity of neighboring faces in
a region adjacency graph of the segmentation framework described in section 2.3.4 are discussed.
Given a partition of the plane P and the corresponding region adjacency graph G, we define
three edge weight functions which measure the dissimilarity of two neighboring faces. They can
be transformed into a similarity measure with an additional transformation which we describe

below. These three dissimilarity measures are:

1| The difference of the mean color of two segments is defined as:
colorMean(vy,v2) £ [|cm(vy) — cm(vg)||
with

N fn(v) i(p)dp

em () area(v)

being the mean color of the face associated with v. Recall that 4 is an image function (see

section 2.1) and that R maps every vertex of G to its face in P. The term area(v) is the area

of the face R(v) and can be simply computed if all edges of P are polygonal arcs.
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2] The average gradient magnitude along the common boundary of two segments is defined as:

Jr (1 0oy IVEP)| dp
length({v1,va})

averGrad(vy,vp) £

where length({v1,v2}) denotes the length of the common edges R({v1,v2}) of the correspond-

ing faces. Again, it can be simply computed if the edges of P are polygonal arcs.

3| While the former measure are quite simple, we also would like to use a more complex one
which analyzes the distribution of the pixels in each face. We use the earth mover distance
for this:
EMD (v, v2) = emd(sig(v1), sig(vs))

where the function sig maps every vertex of the graph to the signature of the corresponding
face and emd is the earth mover distance between them. More details on this follow in the

next section.

In order to get an similarity measure we apply a nonlinear transformation to each edge weight
function: For a given edge weight function s the final edge weight for an edge e of the graph G

18

length(e) - exp (-5 - 3(6)2) (3.5)

where ( is the scaling parameter of s. The incorporation of the common boundary length reflects
the geometric properties of the regions in the underlying segmentation. This way the cut value
of a cut now increases with the total length of the common boundary of its two components
and not with the number of edges in the cut as it is the case if we do not use the scaling factor
length(e).

The nonlinear transformation allows one to adjust how sensitive a cut is with respect to
increasing edge weights. Especially, for the normalized cuts the dominance of the normalization
factor can be adjusted this way. Similar transformations are used in the literature, e.g. in [COX
et al. 1996; GRADY and SCHWARTZ 2006b; SHI and MALIK 2000; WU and LEAHY 1993|. Here

we only add the incorporation of the common boundary length for reasons already given above.

3.3.1 The Earth Mover Distance

The earth mover distance (EMD) is a distance measure for signatures [RUBNER et al. 1998, 2000].
A signature s = {(x1,w1), ..., (Tm,wn)} is a set of ordered pairs with x; € R” being a feature
vector and w; € R being its weight. Similar to a histogram, a signature represents an estimate of
an unknown probability density function based on a set of samples. In fact every histogram can
be represented by a signature: For a histogram we select the feature vectors such that for a given
¢ € n the i-th components of the feature vectors form a sequence z1, < --- < x,, of equidistant

monotone increasing numbers. The feature vectors then represent the midpoints of the bins and
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the weights w; equal the number of samples which lie in the bin associated with the i-th feature
vector.

However, a drawback of histograms is that they are static structures, i.e. the quantization of
the feature space is everywhere the same but often the samples are located in isolated regions
of it. As a result, only a small fraction of the bins actually contains significant information.
So, one has to choose between a high resolution of the data and a manageable number of bins.
Signatures do not have this drawback as the feature vectors can be arbitrarily distributed in the
feature space. As an example, the feature vectors can represent clusters of the samples and its

weights the number of samples falling into the corresponding cluster.

Os1
Q 52
52

Q@ 3w

Y wy’

Figure 3.4: Computing the earth mover distance corresponds to solving a transport problem in a bipartite
graph. FEach signature is represented by several vertices (one for each feature/weight pair). The signature
with the greater total amount of weights is the associated with the piles of earth (s1) and the other signature
is associated with the holes (s2). The height of the earth piles (holes) corresponds to the weight of the
features vectors.

The idea of the EMD is to imagine one signatures as piles of earth located in the feature space
at points given by the feature vectors with height equal to their weights and to imagine the other
signature as holes defined analogously. Then, the EMD measures the amount of work to fill the
holes with earth where the work is measured in units of earth times units of distance the earth

is moved. In order to assure that all holes can be filled the signature with smaller total weight

is associated with them. More precisely, for two signatures s; = {(ml,wi”), ol (wl,wfl)} and
s2 = {(y1,w}?), ..., (Ym,w:2)} the earth mover distance is defined as [RUBNER et al. 2000]:

l
Doic1 2ot Cijfij
l
Zi:l Z;nzl fij

emd(sy,s9) = (3.6)

with ¢;; £ ||; — y;]|.? The terms fi; present the earth transported from pile i of one signature

to hole j of the other signature. They are selected such that the expression

1 m
chijfi]’

i=1 j=1

2 Actually, c;; can be any distance defined on feature vectors, we use this straightforward selection.
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is minimal subject to the conditions:

fl'j >0, Vi € LVZ' eEm (3.7)
Zfij =w?, Vjem (3.8)
Zfij <wi', Vi€l (3.9)
I m l m
ZZfz] = mln{Zwsl,Zw]S?} (3.10)
i=1 j=1 i=1 j=1

where condition (3.7) ensures that earth is only moved in one direction, i.e. from piles to holes,
condition (3.8) ensures that all holes are filled, condition (3.9) ensures that from each pile only
as much earth is transported than available, and condition (3.9) ensures that the maximum of
earth is transported which means that the signature with smaller total weight is the signature
associated with the holes. The normalization factor of equation (3.6) then assures that signatures
with smaller total weight are not favored.

The f;;’s can be computed by solving the transport problem (see [RUBNER et al. 2000] and
references therein) which is defined for directed bipartite weighted graphs, see figure 3.4. 3

3.3.1.1 Signature Computation

Given a partition of the plane P and the corresponding RAG G the signatures of the faces are
computed as follows: For every vertex v € V(G) we determine the set of pixels which are in the

face associated with v:
{iLuv(pHpGMXﬁ/\pER(U)} (3'11>

where 2., is the image function with width w and height A from which P has been created
with color values converted to the CIE LUV color space (cf. section 2.1). From the set (3.11)
n clusters with centroids ci,..., ¢, with ¢; € R3 are computed with the well known K-means
clustering algorithm. For the vertex v the term sig(v) = {(e1,w1),. .., (¢n,wy)} then denotes
the signature of v where w; is the number of points which are in cluster ¢ normalized by the total
number of points in (3.11). In order to get a good representation for the color values in each
face, we have decided to choose n = 15 which is a fairly high number of clusters for each face in
P: In |RUBNER et al. 2000| n = 8.8 on average is used for a whole image with size comparable
to size of the images of the BERKELEY Image Database.

3 At the time of writing an implementation in C of the EMD was available at http://www.cs.duke.edu/~tomasi/
software/emd.htm
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3.4 Minimum Cut

The minimum cut problem concerns the simplest cost measure considered here. Recall its defini-
tion of section 3.2: For a weighted graph G with edge weight function w we seek for a nontrivial

cut E(S,S¢) whose cut value is minimal, i.e.

w(S,5° = min w(A, A°)
ACV(G)
Note that every minimum cut is also a minimum terminal cut for every pair of terminals (s, t)
with s € A and t € A° and as a first characterization we can show that every minimum terminal

cut must be connected:

Theorem 1. Let C' = E(A, A) be a minmum terminal cut in a connected simple graph G. Then
both A and A° must be connected.

Proof. Without loss of generality assume that A is not connected and let Aj,..., A, be its
connected components. One of these components must contain one of the terminals, say A;.
This also means that E(A;, AS) is a minimum terminal cut with strictly smaller cut value than

C' which means that C' cannot be a minimum terminal cut. O

There are several algorithms for solving the minimum cut problem. As there are many effective
algorithms for finding a minimum terminal cut and there are n(n — 1)/2 different terminal pairs
in a graph, with n being the number of vertices, one could in a naive approach simply search for
the smallest terminal cut among all terminals. However, a both very simple and fast algorithm
was developed by STOER and WAGNER [1997] with runtime complexity O(|V|-|E|+|V|*log|V])
for an undirected simple graph G = (V, E). It is based on vertez condensation and uses a scheme
very similar to the one of an algorithm by GOMORY and HU [1961] (see below).

However, for the minimum cut we do not use the recursive segmentation scheme of section 2.3.4
but instead use the clustering scheme of Wu and Leany [1993] which uses several minimum
terminal cuts of a graph. The reason for this is twofold: Firstly, we already discussed the bias of
the minimum cut to produce very small segments in section 3.2.1.1. Indeed, we have experienced
this behavior, if the minimum cut is recursively applied to region adjacency graphs from an
initial segmentation. The result is bad performance of the overall procedure as the sizes of the
encountered subgraphs decay very slow in practice. The clustering scheme of WU and LEAHY
also has this bias but is far more effective to compute.

Secondly, it is possible to effectively compute all minimum terminal cuts of a simple graph
with an algorithm by GOMORY and Hu [1961]. They can be encoded in a tree structure, which
we call here GOMORY-HU tree, and used to form a partition of the vertex set of the graph into
several components which fulfill a global optimality criterion. Note, that for the recursive scheme
only binary optimization problems are solved for the single encountered subgraphs. We discuss

this aspect in more detail in section 3.4.2.
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The idea of using an GOMORY-HU tree for the segmentation problem was already presented
by Wu and LEAHY [1993| for pixel grid graphs. They developed an modified version of the
algorithm of GOMORY and HU which has better runtime performance in practice but is harder
to implement. Since the problem size of the region adjacency graphs computed here are much
smaller than the pixel grid graphs of the associated image, the original algorithm will also do.

Finally, we would like to note that we have found several times in the literature that the work
of WU and LEAHY has been cited as an example of recursively searching for minimum cuts, e.g.
[Su1 and MALIK 2000; SOUNDARARAJAN and SARKAR 2003; VEKSLER 2000]. In fact that is not
true and it can be shown that the method of WU and LEAHY, that we are about to describe
in the following, actually does not give the same results. We give a simple counter example in
section 3.4.3.

3.4.1 Gomory-Hu Trees

The algorithm of GOMORY and HU offers an effective way for revealing the complete minimum
terminal cut structure of a graph. More precisely, it constructs a tree which can be used to
compute a minimum terminal cut for every possible pair of nodes in the given graph. For
the construction of the tree itself only |V(G)| — 1 calls to an arbitrary minimum terminal cut
algorithm are needed. Even better, due to wertex condensation most of these calls encounter
much smaller problem instances (see below). Using the tree an arbitrary minimum terminal cut
can then be computed with linear runtime complexity.

In order to clarify how this tree can be useful for solving the k-partition problem described
above, it is necessary to get a deeper understanding of the nature of this tree structure. For this,
consider a connected weighted simple graph G and the complete graph G* which has the same
vertex set as G and an edge weight function w* which assigns to every edge {u, v} of G* the cut
value of the minimum (u,v)-cut in G. A classical result of the work of GOMORY and Hu [1961] is
that there is always a minimum spanning tree T of G* with the following properties: If for a given
pair (s,t) of terminals the edge {s,t} is not in T" the cut value of the corresponding minimum
terminal cut is equal to the smallest edge weight of the edges on the unique path leading from
s to t. Moreover, if this edge is removed from T the tree falls into two connected components
which are also the components of the minimum (s, t)-cut. So, this means that we can effectively
compute every desired minimum terminal cut of GG if we have the spanning tree T'. For a given
pair of terminals, one only has to determine the smallest edge on the path from the terminal
to the other and compute the connected components of the tree resulting from the removal of
this edge. This tree is called GOMORY-HU tree here and its mathematical characterization is

captured in the following definition:

Definition 17 (GOMORY-HU TREE). A graph T with edge weight function wr is a GOMORY-HU
tree of a connected simple graph G with edge weight function w iff it has the following properties:

T is a spanning tree of the complete graph with the vertez set V(G).
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For every pair of terminals s,t € V(G) the corresponding minimum terminal cut in G can be
computed from T as follows: Let e be the smallest edge with respect of wr on the unique path
connecting s with t in T. The removal of e disconnects Tg into two parts S,S¢ such that
C = E(S,S5° is a minimum (s,t)-cut with w(C) = wr(e).

The following propostion is given without proof as it requieres alot of theory not introduced
here. A stringent proof can be found in [GOMORY and HU 1961; HuU et al. 1982| instead; a less
formal argumentation can be found in [CHRISTOFIDES 1975].

Theorem 2. For every connected simple graph there is a GOMORY-HU tree.

The existence of a GOMORY-HU tree for each simple graph has some interesting implications.
At first note, since each GOMORY-HU tree is also a minimum spanning tree, it has |[V| — 1
edges. This also means that only |V| — 1 different minimum terminal cuts are needed to have
a minimum terminal cut for every possible pair of terminals. There can be still (“2/‘) different
minimum terminal cuts in a graph but they can only take on |V| — 1 different cut values. The
existence of a GOMORY-HU tree for every connected simple graph makes also the following

property of minimum terminals cuts easy to derive:

Lemma 1. For every two pairs of terminals there are two corresponding minimum terminal cuts

mn a connected simple graph which do not cross.

Proof. This follows from the fact that for every pair of terminals there is a minimum terminal
cut represented by an edge in a GOMORY-HU tree of the corresponding graph. So, for two pairs
of terminals this minimum cuts are either identical, as they are represented by the same edge;
otherwise they are represented by two different edges, say e; and es. If one these edges, e.g. e1,
is removed form the tree, e2 must be in one of the resulting components. Therefore, removing e
from the tree yields two components with one being entirely contained in the components from

the first removal which proves the statement. O

(b) (c)

Figure 3.5: Ezample of vertex condesation; the two nodes enclosed by the dotted line (in (a)) are to be
condensed; the condensed graph is in shown (c)

We now give an algorithm for actually computing a GOMORY-HU tree. For this we need the

concept of vertex condensation:
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Definition 18 (VERTEX CONDENSATION). Let G be a simple graph with edge weight function w
and S C G(V) a set of vertices. For another graph G' with edge weight function w' we say G’

can be created from G by vertex condensation of S (into s) iff the following holds:

V(G =V(Q)\ SU{s} with s ¢ V(G)
E(G') = {{u,v} € E(G)|u,v & S} U{{u,s} | Fv: {u,v} € E(S,S)}

W' (u,v) —{ w({u},S) if v=s

w(u,v) else

Stated less formal, vertex condensation of a set S of vertices in a weighted graph means to replace
this set with a new node s with all edges having a common starting point u € S€ replaced by
a new edge {u,s} with edge weight equal to the sum of the weights of these edges. A small
example for this operation can be seen in figure 3.5. The following theorem shows the usefulness

of vertex condensation:

Theorem 3. Lel E(A, A%) be a minimum terminal cut in a connected simple graph G. For two
terminals s,t € A, a minimum (s,t)-cut in the graph created by vertex condensation of A€ is also

a minimum (s,t)-cut in G. The same applies for s,t € A® with vertex condensation of A.

Again, we would like to refer to [GOMORY and Hu 1961] for a proof. Note that theorem 3 also
means that for a pair of those minimum terminal cuts holds that they do not cross.

The computation of a GOMORY-HU tree now can be achieved by a series of minimum terminal
cuts in condensed graphs, see algorithm 3.4.1. Additionally, we would like to give some comments

on certain steps of the algorithm:

1/ The tree is initialized with a single vertex which represents the whole vertex set of G.
During the algorithm, this set is step by step split into smaller sets. So, the vertices of the tree
are actually subsets of vertices of G. The algorithms is finished if all sets of the tree build only

contain one vertex of G.

2 + 3 Strictly speaking, the step [2] subsumes several vertex condensations in the sense of
definition 18. The minimum terminal cuts are thus not computed in the original graph but
in a condensed version (step [#)). Note that due to theorem 3 a minimum terminal cut in the
condensed graph G’ is also minimum terminal cut in the original graph G as the to be condensed
vertex sets have been computed by minimal terminal cuts in the preceding steps of the algorithm.
The condensation also ensures that all minimum terminal cuts computed do not cross each other.
As a sideffect, the runtime of whole algorithm benefits from this as the condensed graphs have

less vertices as the original graph.

4| The tree is modified in each iteration based on the minimum terminal cut of step [3: The

vertex set N is split into two sets v; and vy which become new vertices of the tree with an
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Algorithm 3.4.1: gomoryHuTree

Input: a connected and undirected graph G = (V, F) with edge weight function w
Output: a GOMORY-HU tree of G

begin

L Vp — {V}, Er «— 0

while |Vr| # |V]| do

select N € Vp with |N| > 1 arbitrarily;

2 G’ < the graph which can be created from G by vertex condensations of the
vertices in each M € V(T) with M # N;

select ny,ng € N arbitrarily;

3 determine a minimum (nq,ng)-cut C in G’ and A C V(G) such that C = E(A, A%);
4 vy — AN N; vy — A°NN;

Vr — Vr \ {N} U {Ul, UQ};

Ep — {{u,v} € Ep|u# NAv#N}U{{v,v}}U
{{u,v1} [{u,N} € Ex ANuC A}U
{{u,v2} |{u,N} € Ex ANu C A%};
wvp,vg) if e ={v,ve}
wr(e) — ¢ wr({u,N}) if e={vi,u}Ve={vo,u}
B wr({u,v}) else
return (Vp, Ep) with wp;
end

connecting edge with weight equal to the cut value of the minimum terminal cut. All edges
{u, N} in the tree are replaced by new edges incident to {u,v1} or {u,ve} with the old edge
weight depending on whether u C A or u C A€ holds. Note that due to the vertex condensations
of step [2] only these two cases can occur. These operations ensure that in each iteration for every
edge in the tree holds that it represents a minimum terminal cut with components composed of
the vertices of G which are on either sides of this edge with cut value equal to its weight. The

algorithm is then guaranteed to terminate in |V| — 1 steps.

3.4.2 Gomory-Hu Tree Based Clustering

This section discusses how a GOMORY-HU tree can be used to divide a simple graph into several
connected components and how the quality of the resulting partition can be characterized.

We know from section 3.4.1 that given a graph G with n vertices there are n — 1 different
minimum terminal cuts such that for every possible pair (s,t) of terminals there is a minimum
(s,t)-cut among them. Additionally, these cuts have the property that they do not cross each
other and can be represented by a GOMORY-HU tree Tg.

We can use these facts for clustering in the following way: The smallest of these minimum
terminal cuts is also a minimum cut of G. If the edges of this cut are removed from G the graph

falls into two connected components. If we further remove the edges of the second smallest
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minimum terminal cut, the graph falls into exactly three connected components as all pairs of
minimum terminal cuts are non-crossing. This idea can be further generalized to form a k-
partition of the vertex set by removing the edges of k¥ — 1 minimum terminal cuts. If these
cuts are also the k — 1 smallest ones, the resulting partition is the optimal partition among all
possible k-partitions in the sense that the largest inter-component cut value is minimal. The

inter-component cut value is one way to characterize the pairwise similarity of the components:

Definition 19 (COMPONENT CUT VALUE). Let G be a connected simple graph with edge weight
function w. For two connected components S1,S2 C V(G) the inter-component cut value between
S1 and Sy written A(S1,S2) is the cut value w(C) of the cut C = E(A, A°) for A C V(G) such
that

1| C separates S1 from Sz, i.e. S1 C A and Sy C A€ and

2| the cut value of C' is minimal, i.e. for all other cuts C' having property 1| holds

w(C") > w(0).

Note that the inter-component cut value is equal to the inter-subgraph maximum flow in [Wu
and LEAHY 1993]. The later is not used here as it would require the definition of the maximum
flow problem which is dual to the minimum terminal cut problem.

Now we have the following theorem which can be proofed with aid of a GOMORY-HU tree of
the corresponding graph:

Theorem 4. Let G be a connected simple graph with edge weight function w and Tg its GOMORY-
Hu tree. The connected components C,...,Cy of Tg after removing the k — 1 smallest edges
from Tq form a k-partition on G such that

1| each of the k components is connected in G and

2! the largest inter-component cut value, i.e.

max {A\(C;, Cj)}
1<)
1s minimal among all possible k-partitions of G and equal to the largest cut value of the k — 1

cuts.

Proof (based on [WU and LEAHY 1993]). First note that since T is spanning tree of G removing
k —1 edges from the tree imposes a k-partition on the vertex set of G. Further note that for two
of these components their inter-component cut value is equal to the minimum of the edge weights
on the unique path in Tz which connects the components. This follows from the properties of a
GOMORY-HU tree given in definition 17. Hence the inter-component cut value between any pair

of components cannot exceed the largest weight of the removed edges. Additionally, for those
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components being linked only by a single edge in Tg, the inter-component cut value must be
equal to the weight of that edge. Hence, the largest inter-component cut value is equal to the
largest weight of the k — 1 removed edges, which is minimized when the k — 1 edges with the

smallest weight are removed. 0

So theorem 4 suggest to use a GOMORY-HU tree for getting a partition into a desired number of
components. However, instead of removing a fixed number of edges, we can also use a threshold
which serves as a upper bound for all edges to remove. We know form theorem 4 that the
threshold is then also an upper bound for the inter-component cut value. Wu and LEAHY [1993]
first suggested to use a GOMORY-HU tree in this way and we do as well. Finally, algorithm 3.4.2

describes the resulting clustering scheme in pseudo-code.

Algorithm 3.4.2: gomoryHuTreeClustering

Input: a connected simple graph G with edge weight function w and stop € R
Output: amap c: V(G) — kforakeN

begin

compute the GOMORY-HU tree Tz and its edge weight function wp using the
gomoryHuTree algorithm;

sort all edges of Tz in increasing order;

remove all edges from T with wy(e) < stop;

compute the connected components of Tz and enumerate them arbitrary;

¢ «— a function mapping each vertex to the component it belongs to;

return c;
end

Time Complexity The dominating operations of the clustering algorithm are the computation
of the GOMORY-HU tree and the sorting step. The computation of a GOMORY-HU tree can be
done with O(n - N(n,m)) operations where N(n,m) is number of steps needed for computing a
minimum terminal cut in a graph with n vertices and m edges. GOLDBERG’s preflow algorithm
needs O(n?/m) operations for this, see [GOLDBERG and TSIOUTSIOULIKLIS 2001] and references
therein. The complexity of the sorting step is O(nlogn). As the number of edges is proportional

to the number of vertices with a small factor in a sparse graph (cf. (2! in section 2.3.4) the total

5
time complexity is O(n2 4 nlogn).

Implementation Notes For the computation of the GOMORY-HU tree algorithm we used the
graph library LEMON [JUTTNER 2008] which contains an implementation of this algorithm.
However, this implementation does not follow the algorithm of GOMORY and HU but instead
uses the approach of GUSFIELD which has the same time complexity. GUSFIELD’s algorithm
does not use vertex condensation and is therefor much easier to implement. An description of
GUSFIELD’s algorithm along with an experimental study of the computational performance of
both algorithms can be found in [GOLDBERG and T'S10UTSIOULIKLIS 2001].
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3.4.3 Discussion

We already noted that some authors refereed to the work of WU and LEAHY [1993] as an
example of recursively searching for minimum cuts in the sense of the segmentation scheme
given in section 2.3.4. We give here a simple counter example to proof that this is actually not
true. In figure 3.6 a graph G with four vertices is shown; the numbers in the figure are the edge
weights. The smallest and the second smallest minimum terminal cut are indicated with dotted
lines. Removing the edges of these two cuts would result in the partition {{vi},{va}, {vs,va}}

while the recursive scheme would result in {{v;},{ve,v3},{vs}}.

Vg

Figure 3.6: A counter example which shows that the GOMORY-HU tree based clustering scheme is not
equivalent to the recursive application of the minimum cut; see text for more details.
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3.5 Minimum Mean Cut

The last section introduced the minimum cut as a clustering tool for image segmentation. While
the successive application of the minimum terminal cuts is effective computational by using a
(GOMORY-HU tree its bias to small clusters is problematic. A more sophisticated cost measure,
that gives small costs to salient boundaries irrespective of their length would be desirable.

To overcome this situation, WANG and SISKIND [2003]| proposed to normalize a cut via a

second edge weight function:

Definition 20 (MINIMUM MEAN CUT). Let G be a simple graph with two edge weight functions
w1 and wo. All edge weights wi(e) are called first edge weights and all weights wa(e) are called
second edge weights respectively. Then the mean cut value of a cut E(A, A®) in G is defined as

A W1 (Av AC)

mCUt(A, AC) m

(3.12)

and each cut minimizing (3.12) is a (minimum) mean cut of G.

The first edge weights encode some kind of inter-vertex affinity as it is the case with the minimum
cut. For the choice of the second edge weights there are at least two possibilities: At first, one
straightforward choice would be wa(e) = 1 for all edges of G in order to normalize the cut
value by the number of edges in the cut, i.e. |E(A4,A%)|. Then, mcut(A, A%) represents the
average affinity of the common boundary of A and A€. This should overcome the problem
inherent to the minimum cut to penalize long boundaries. However, selecting the second edge
weights this way ignores the geometric properties associated with each edge. Since each edge
in the region adjacency graph derived from an initial segmentation also represents the common
boundary of the associated regions, the corresponding boundary length should also be taken into
account. Otherwise, boundaries with many short segments (see figure 3.7 for example) would
be preferred instead of boundaries with long segments. So, in order to take into account the
geometric interpretation of the graph structures, we use a function of the common boundary
length for two neighboring regions in a partition of the plane as the second edge weight function,
i.e. wa(e) = length(e) for all edges (see section 3.3). Then mcut(A, A°) represents the average
affinity per unit length of the common boundary of A and A°€.

While the minimum cut problem is solvable in polynomial time things become more compli-
cated with the minimum mean cut. Unfortunately, for simple graphs the problem is NP-hard in
general. A proof can be found in [WANG and SISKIND 2003]. If the problem class is restricted
to planar graphs and all cuts must be connected, the minimum mean cut problem can be solved
in polynomial time for we(e) = const and in pseudo-polynomial time for positive second edge
weights. Here, the term “pseudo-polynomial” means that the number of processing steps de-
pends on the precision of the edge weights and is only bounded by a polynomial function if the

edge weights are constrained to be integers.
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Figure 3.7: The image shows the partition of the plane from a watershed segmentation, the faces
(colored with mean of the underlying pizels) are enclosed by lines (edges of the partition of the plane).
The boundary marked with thick lines consists out of several both long and very short segments. FEach
boundary segment should contribute to the cost of the whole boundary depending on its length.

Before we give an algorithm for solving the minimum mean cut problem, we briefly want to
discuss the constraints just mentioned. As far as the planarity constraint is concerned: Since
all graphs encountered here are region adjacency graphs and thus planar, this restriction is not
problematic. A very important question is if the minimum mean cut problem is still well defined
with the connectedness constraint imposed. For this, we have to proof that there is always at

least one connected cut among all minimum mean cuts of a graph:

Lemma 2. For a connected graph G there is always a minimum mean cut E(A, A®) such that

both A and A° are connected components of the corresponding graph G.

Proof. Assume there is a cut E(A, A°) where A is not connected. We can always take the
connected component of A with minimum mean cut value among all other components to get a
cut which is as least as costly as A. More precisely, let A1, ..., A, be the connected components
of A. Then, we have

2 iy w1 (A A7)

et A = S (A, A9

(3.13)

and thus

mcut(A, A°) > min wi(Ai, A7)

—. 3.14
1€Em W (Ai7 Af) ( )

Since F(A, A%) is a minimum mean cut, F(Ay, A}) is also a minimum mean cut if £ is the index
which minimizes (3.14). The same arguments apply if A€ is not connected. If both A and A€
are not connected one can use this method this first for A and then for A€ in order to get a

minimum mean cut. O

Additionally, the author thinks that connectedness requirement is not problematic if the min-
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imum mean cut is used for clustering but rather a desirable feature, since both A and A€ then
correspond to a spatially connected region which is a perceptually appealing bi-partition. One
may argue that there might be situations where this constraint forbids desirable segmentations
such as in figure 3.8: The region patches forming the connected component A represent a salient
segment. However, the cut E(A, A1 U Ag) is not connected. This is no problem since one can
first find the cut E(A, A1) and afterward the cut E(A, Asg).

Aq

Ao

Figure 3.8: The example of figure 3.7 with only the boundary between the components A, A1, and As
drawn. The cut E(A, A1 U As) contains both boundary segments marked and is not connected.

3.5.0.1 Planar Graphs and Duals

We already mentioned planar graphs to be essential for the solution of the mean cut problem.
Before we proceed with the discussion we would like to shed some light of the meaning of this
concept. A planar graph is a graph which can be drawn such that its edges only intersect at
their endpoints. The classical concept for formalizing this idea is the embedding of a graph. We
already introduced the partition of the plane (definition 4 in section 2.2.1); we can use this for

the definition of planar graphs:

Definition 21 (PLANAR GRAPH). A simple graph G = (V, E) is planar if and only if it can be
embedded into the plane R? which means that there is a partition of the plane P = (Vp, Ep, Fp)
such that:

There is a bijection f 'V — Vp with
{u,v} € E if and only if there is an edge in Vi which has f(u) and f(v) as ils endpoints.
The partition of the plane P is then also called the embedding of G.

From the embedding of a planar graph G one can derive its dual graph G*. The construction is
similar to the region adjacency graph (definition 11): For every face in the embedding we have

exactly one vertex in G* and for every pair of faces sharing one edge in the embedding we have
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exactly one dual edge in G*. This also means that G* cannot guaranteed to be simple if two
faces share several edges. In this case G* has multi-edges which cannot be modeled with simple
graphs. There can also be loops if one edge has the same face on both sides. For this we need the
concept of multi-graphs which is not further specified here. However, this informal introduction
to dual graphs should be sufficient for our needs. The graph G is also called the primal of G*
in this context. More details can also be found in [EVEN 1979]. An example for a dual graph
shows figure 3.9. As a final note, as there can be several embeddings of a graph there can be

also several duals; but this is no problem, as any dual will fulfill our needs.

3.5.1 A Pseudo-Polynomial Algorithm

We only present the more general pseudo-polynomial algorithm. The basic ideas and line of
argumentation is based on [WANG and S1SkIND 2003] but with differences in use of terminology
and style of presentation. The algorithm for constant second edge weights is very similar and
can be found in [WANG and SISKIND 2001].

The algorithm of WANG and SISKING consists of a series of reduction steps. The constraints
given above allow a reformulation of the original problem such that it becomes solvable with
standard techniques of graph theory.

Recall that the first constraint only admits planar graphs and the second requires every cut to
be connected. These constraints allow us to establish a connection of connected cuts in a graph

and simple cycles in its dual:

Definition 22 (SIMPLE CYCLE). For a graph G a simple cycle is a set C C E(G) of edges such
that the vertices incident to the edges in C are pairwise distinct and can be arranged as a series

(v1,v2,...,0,) with {v;,viz1} € C forien —1 and {v,,v1} € C.

The first key observation for approaching the minimum mean cut problem is then given with the

following theorem:

Theorem 5. For every simple planar graph there is an one to one correspondence between

connected cuts and simple cycles in its duals.

A proof of this theorem can be found in [EVEN 1979]. Instead we give a small example: Figure 3.9a
shows an embedding of a simple graph together with the corresponding dual. Recall, the dual
contains a dual edge for every edge in the original graph and the dual can have self loops and
multi-edges. Figure 3.9b shows a connected cut and the corresponding simple cycle whereas
figure 3.9¢ shows a none-connected cut and the corresponding none-simple cycle.

If G* is a dual graph of G and f is a function which takes every edge of G to its corresponding

dual edge, the costs of a simple cycle C are defined as

mcyc(C) £ meut(f~1(C)). (3.15)
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A cycle which minimizes equation (3.15) is then equivalent to a minimum mean cut in G. There-
fore, instead of searching for a minimum mean cut in a simple graph we can turn to the problem

of finding a minimum mean cycle in its dual:

Lemma 3. For a simple planar graph G every connected minimum mean cut has a corresponding
simple minimum mean cycle in a dual of G provided that the edges of G have the same edge

weights as their duals.

] ]
VA GhY IRy
(a) (b)

Figure 3.9: (a): an embedding of a simple graph (round vertices) with a dual (rectangular vertices), note
that the dual is not a simple graph (b): same construction with a connected cut in the primal graph (dashed
edges) and the corresponding simple cycle (green bold edges) in the dual (c): the same construction with
a none-connected cut in the primal graph (dashed edges) and the corresponding none-simple cycle (red
bold edges) in the dual

Now the question is how to find a minimum mean cycle in the dual of a graph. In general, a
quite popular approach for solving an optimization problem of a fractional energy function such
as (3.12), or equivalently (3.15), is to use a linearized versions of it and then to perform a search

for an optimizing argument. More formally, we recast the problem into the question
“GO: w1 (C) = b-wo(C) <07 (3.16)

and do a search on the parameter b. If the answer to question (3.16) is “yes” we know that there
is a cycle C such that mcyc(C) < b and thus that the costs of the minimum mean cycle must be
smaller than b. Likewise, if the answer is “no” we know that the costs of the minimum mean cycle
must be greater than or equal to b. Now, one can gradually approach to the optimal value of b
by using a binary search technique. Of course, this method only works well if there is an effective
algorithm which answers question (3.16) and if it is also possible to extract the corresponding
cycle effectively. That is why we switch from the minimum mean cut problem to the minimum
mean cycle problem as we can give a fast algorithm which solves the parameter question for
cycles instead of cuts and also gives such a cycle if the answer is positive. Sometimes it is also
possible to use the solution of one parameter to speed up the computation of a subsequent call
to the algorithm for another parameter; some problems are even more tractable since they allow

a linear instead of a binary search on the parameter. Both applies to the algorithm described in
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the following. At first we fix the idea of using a linear transformation with the next definition

which together with lemma 4 provides the decisive part for using this method.

Definition 23 (LINEAR TRANSFORMED WEIGHTED GRAPH). For a graph G with first edge weight
function w1 and second edge weight function wy the term Gy with parameter b € R denotes the

same graph but with the first edge weights replaced with
wp(e) =wi(e) —b-wa(e),Ve € E(G).

Note that the ordering of simple cycles with respect to their mean cycle costs is invariant under
this linear transformation, i.e. for two cycles Cy,Cy C E(G*) with mcyc(C1) < mcyc(Cy) also
holds in G}

mcyc(Cy) = = -b < = mcyc(Cy).
Thus every minimum mean cycle in G} is also a minimum mean cycle in G* and vice versa. This
implies that if b is set to the cost of a minimum mean cycle of G*, say C’, all minimum mean
cycles in G} have zero costs, i.e.

wb(C’) wl(C”)

" = - A = mi
mcyc(C’) = 20~ () b=0 for b min mcyc(C)

The other way round, if a minimum mean cycle in G} has zero costs then b is equal to the cost

of a minimum mean cycle in G*.

Lemma 4. A groph G has a minimum mean cycle C with cycle ratio b if and only if C' is a

mainimum mean cycle of Gy with zero cycle costs.

So, due to lemma 4 instead of searching for a minimum mean cycle in G* it is sufficient to find
a cycle with zero costs in G} if b is selected properly.

It is both possible to test whether a graph G} has a negative cost cycle and to compute such
a cycle in one go using an auxiliary graph derived from G} which is described in more detail in
the next section. With such an algorithm together with lemma 4 it is possible to employ the
search technique described above: Let o be the optimal parameter — the costs of a minimum
mean cycle of G* — if for any other parameter b the graph Gj has a cycle with negative costs
we know b > 0. Otherwise, if there is no such cycle we know b < o. If we select an initial guess
on b which is guaranteed to be greater than o, the algorithm for determining a negative cost
cycle outputs such a cycle C. If b is then set to mcyc(C) the cycle C has zero costs in G}, and a
negative cost cycle C" in G has lower mean cost, i.e. meyc(C’) < meyc(C') . This way one gets
a series of cycles with monotone decreasing mean costs until no further negative cost cycle can
be detected. The last cycle computed this way is the wanted minimum mean cycle.

Since there is only a finite number of cycles in a finite graph this procedure must end. Un-

fortunately this method has exponential runtime for the number of cycles grows exponentially
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with the size of the graph. However, if all edge weights are constrained to take only on integer
values, the number of iterations is bounded on the number of different possible parameters which
is wi(E(GQ)) - wa(E(Q)). For the selection on the initial guess b = % is sufficient. Putting

all together, we finally arrive at algorithm 3.5.1.

‘ Algorithm 3.5.1: minimumMeanCut ‘
Input: a connected and planar graph G and two functions wy,ws : E(G) — n
Output: a minimum mean cut C C E(G)
begin
compute a dual G* of G and f: E(G*) — E(G) with e — f(e) = dual of ¢;
a «— minwsy(e);
b — maxwi (e);
w'(e) «— a-wi(f(e)) —b-wa(fle)),Ve € E(G");
C «<negativCostCycle (G*,w');
while C # 0 do
C' — C;
a — wa(C);
b — wi(C);
w'(e) < a-wi(f(e)) —b-wa(f(e)), Ve € E(G);
C <negativCostCycle(G,w');
return f(C’)
end

3.5.2 Determining a Negative Cost Cycle

Now we only have to find an effective method for determining a negative cost cycle. It is possible
to attack this problem by an additional reduction step. We construct a new graph from the dual
of the initial graph and then use minimum cost perfect matchings in order to test whether there
is a cycle with negative costs. If there is such a cycle the perfect matching can also be used for

reconstructing it.

Definition 24 (AUXILIARY GRAPH). For a simple graph G with edge weight function w the graph

G with edge weight function @ denotes its auxiliary graph with the following properties:

For every v € V(G) there are two real vertices vy, vy and one virtual edge {vi,vs} in G with

ﬁ}\(vl, Ug) =0.

For every edge {u,v} € E(G) there are two virtual vertices u,, v, in G, one real edge {u,, v,} €
E(G) with ©(uy,vy) = 0 and four edges {uy, uy}, {ug, uo}, {v1,vu}, {va, v} all being mapped
by & to w(ww)/2 and with v1,ve being the real vertices of v and uy,us being the real vertices of

u.

Figure 3.10 shows an example of such a construction. In the following the one to one correspon-

dence between edges of a simple graph and real edges of its auxiliary graph is represented by the
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(a)

w(e)/2 0

(c)
Figure 3.10: (a): The dual graph of figure 3.9 slightly differently drawn (b): the corresponding auxiliary

graph with real edges (solid), virtual edges (dotted), real vertices (black,rectangular) and virtual vertices
(white,circular) (c): the division of the edge weights (for edge f(e)).
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function f. In order to proceed the concept of “perfect matchings” is needed:

Definition 25 (PERFECT MATCHING). A perfect matching of a graph G with edge weight func-
tion w is a set M C E(G) of edges for which every vertex in G is incident to exactly one edge
in M. A perfect matching is ¢ minimum perfect matching if it has minimal edge costs, i.e. for
every other perfect matching M' it is w(M) < w(M'").

For a graph G its auxiliary graph is especially designed such that a perfect matching M of it can
be used to derive a set of cycles in G which has the same total edge costs than the costs of the
edges in M. One can form such a set by taking each edge of G whose associated real edge in G

is not contained in the perfect matching M, i.e.
C={e€E(G)|f(e) ¢ M}.

Now, the subgraph of G induced by the set C only contains two-degree nodes. Instead of a rigid
proof of this proposition, we only describe the underlying idea of the auxiliary graph construction
using a small working example. From this a proof can then easily be derived.

Consider the small graph in figure 3.11. Following the definition of an auxiliary graph the
node r has two corresponding real nodes r; and ry in G which are connected through a virtual
edge e. If this edge is in the perfect matching M, as in figure 3.11 b), none of the remaining
virtual edges incident to r; and r3 can be in M. So, in order to form a valid perfect matching all
real edges in G which are connected to r1 and ro through a virtual edge also have to be in M (ey
and eg in figure 3.11 b). The other way round, if the edge e is not in M there must be exactly
two virtual edges, one for r; and one 7o, in M (v; and vs in figure 3.11 ¢). These two virtual
edges are each incident to a real edge which therefore cannot be in M. Putting all together, for

every pair of real nodes there are either exactly two of its associated real edges not in M or all.

a) M o |
T
1
8. 1 8. €2 g
by | G@———0@l ¢ O——O
. ‘‘‘‘‘‘ .T .
2
a. .- R m
) | @0, = 0,
v..u U2~.,. ‘‘‘‘‘‘ .

Figure 3.11: A small graph (first), its auziliary graph with two different perfect mathings marked

So, if C only contains two-degree nodes it must be an union of simple cycles. Moreover, since
there are exactly two virtual edges in a perfect matching for each real edge not in M and only

those edges have none-zero edge costs in G it follows &(M) = w(C) which in turn implies that if
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G has a perfect matching with negative costs one of the cycles in the corresponding set C must be
a simple cycle with negative costs. A more complex example of a cycle together with its perfect

matching is shown in figure 3.12.

€2 €3

€1

(a) (b)

Figure 3.12: (a): the dual graph from figure 3.9 with cycle C = {e1,es,e3} (b): the corresponding
auziliary graph with a perfect matching: green and blue edges are in the matching where green edges
(virtual edges) form the cycle C' and blue edges (real edges) do not correspond to a cycle.

Conversely, for a simple cycle in a graph it is always possible to construct a perfect matching in
the corresponding auxiliary graph with the same total edge costs. The following lemma subsumes

the last observations:

Lemma 5. A simple graph has a negative cost cycle if and only if its auxiliary graph has a perfect

matching with negative costs.

We finally arrive at the question whether an auxiliary graph has a perfect matching with
negative costs. This can be easily answered by computing a minimum cost perfect matching
which is a standard problem in graph theory and for which effective algorithms exist, see [COOK
and ROHE 1999| for an overview. Algorithm 3.5.2 then gives the steps to take for finding a

negative cost cycle.

Time Complexity The computation of minimum perfect matchings can be done in O(|V| -
|E| log |V|) |GALIL et al. 1986]. The overall performance of the minimum mean cut algorithm is
dominated by these computations. WANG and SISKIND already reported that they experienced
only a small number of iterations needed to find a minimum mean cycle. In order to investigate
the convergence behavior of this method for our segmentation scheme, we clustered all subgraph
sizes encounter during recursive application of the algorithm on one hundred images using the
segmentation scheme described in section 2.3.4, with the watershed method for the initial seg-
mentation, the function colorMean (section 3.3) for the edge weights, and the optimal parameters

found by parameter search as described in section 4.3.1. The mean number of iterations has been
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Algorithm 3.5.2: negativeCostCycle ‘
Input: a connected and planar graph G and a functions w : E(G) — n
Output: a simple cycle C C E(G) with negative costs, () if no such cycle exists
begin
build the auxiliary graph G with edge weights @ from G and w;
compute a minimum cost perfect matching M from @,@;
if ©(M) =0 then
L return ()
C—{ecEG)|f(e)gM};
compute S the set of connected components of C;
return argming g w(C')
end

assigned to each cluster and the results can be see in figure 3.13. Indeed, as one can see the
number of iterations needed is very small and does not grow with the size of the graphs.

=

S35

Q

<

o

L

=t

= 3

o]

=
i — — — — — — — i — R T e B B e B e B e B o B B
Ne} <t 0 L0 D — <t 0 — <00 FAHOND
S < < T A T R Bl BBl L s

— — — — [a\} [aN} AN AN AN MmN nmMm
[V(G)| (e =z -10°)

Figure 3.13: This figure shows the dependence between number of nodes in the graph and number of
iterations used by the algorithm for the minimum mean cut; the scaling for x-axis is logarithmic and for
the numbers we have e, = = - 10°; see text for the data generation.

Implementation Notes The algorithm was implemented using LEMON a C+-+ open source
graph library [JUTTNER 2008|. The crucial routines used from LEMON for this include routines
for computing connected components, planar embeddings and maximum perfect matchings. All

edge weights are transformed to the range [1,1200] and rounded to the nearest integers.
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3.6 Foreground Cut

This section introduces the foreground cut for another way of normalizing the minimum cut.
Whereas the minimum mean cut uses a second weight function defined on the edges, the fore-
ground cut takes another approach for normalizing the minimum cut; a vertex weight function

is used for this purpose:

Definition 26 (FOREGROUND CuT). For a graph G with edge weight function w and vertex
weight function ~y the foreground cut value of a cut E(A, A) is defined as
A, A°)

feut(A, A<) 2

D (3.17)

A cut minimizing (3.17) with A # () is then a (minimum) foreground cut.

A foreground cut thus takes into account the vertices contained in one of the two components
and can be considered as an asymmetric version of the isoperimetric cut (section 3.7) or the
normalized cut (section 3.8) which use both components of the cut. An interesting question is how
this asymmetric nature of the foreground cut impacts on the segmentation quality. We expect
it to have a bias to large regions such that the denominator in equation (3.17) is maximized. A
more detailed discussion on this aspect is given in section 4.4.

The component A which is favored this way is called foreground (component) and analogously

A€ is the background (component). For the background we have the following property:
Lemma 6. If E(A, A°) is a foreground cut in a connected graph, then AS is also connected.

Proof. Suppose that for a minimal foreground cut C = E(A, A°) the component A€ is not
connected and let Af,---, A} be its connected components. Since all weights are positive, we

have

k C
feut(4, A%) = W

w(A, AS)
>
T (A) + 30 v (45)

for any j € k which means that C' cannot be minimal. O

Similarly to the minimum mean cut, there are two straightforward choices for the vertex weight
function. At first, one could simply select y(v) = 1 for all vertices. Then the weights of the edges
in the cut are normalized by the number of vertices in the foreground. However, this selection
would not attend to the different features of the underlying image patches. Their geometric
properties can be incorporated via the vertex function (v) = area(v) such that the total weight
of the boundary is normalized by the enclosed area, but it would be more desirable to respect

the underlying image statistics of the enclosed area. An attempt for this is to use the weighted
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degree which is the total weight of the incident edges, i.e v(v) = w({v},V). Regions with a
high total weighted degree have then a high inter region similarity measured in terms of the
edge weights. Choosing the vertex weights this way has already been proposed in [GRADY and
SCHWARTZ 2006a; SHI and MALIK 2000| and here we do likewise.

The foreground cut was already introduced in [PERONA and FREEMAN 1998] within the context
of spectral clustering. Therein, some insights of the relation between the spectrum of a graph
and equation (3.17) are given. The connection of the foreground measure to the spectrum of a
graph can be used to derive an approximation technique in the spirit of the methods described
in section 3.8. However, the theory around these methods often lacks of a clear statement about
upper approximation bounds and such: If no exact solution to a problem is known, and one has to
resort to an approximation scheme instead, it would be desirable to have at least evidence about
how bad the approximating solution can be in worst case. Fortunately, the minimum foreground
problem can be efficiently solved with parametric network flows. The simple algorithm presented
here was motivated by an email correspondence with SATiISH RAO 4 who pointed the author
to the basic graph construction which includes the derivation of equation (3.21). The detailed
elaboration presented in the following and the idea of using parametric network flows is due to
the author of this thesis.

3.6.1 A Polynomial Algorithm

For the solution of the foreground cut problem an auxiliary graph can be employed which in this
case is a rather simple extension of the original graph. For this, we simply take the initial graph
of interest and add two different kind of vertices together with some edges: At first we have to
determine a set of seeds among the set of the original vertices. The exact nature of these seeds
is described below. Then we add a new node to the graph which is called the sink. Each seed is
connected to the sink via a sink edge with edge weight of infinity. Moreover, all vertices except
the sink are connected to another new vertex — the source — via source edges. For each vertex v,
the corresponding newly added source edge has an edge weight equal to v(v) - A where X is the
parameter of the graph and ~ is the vertex weight function of the original graph. The parameter
A is crucial for the solution of the foreground cut problem. The following definition characterizes

such an auxiliary graph in rigorous terms:

Definition 27 (AUXILIARY GRAPH). An auxiliary graph G with the parameter A, a set T' C
V(QG) of seeds, and an edge weight function wy of a simple graph G with edge weight function w

and vertex weight function v is a graph with
V(Gy) = V(G) U {s,t} with source and sink s,t ¢ V(Q),

E(G)) £ E(G) U Es(Gy) U Ey(G)) with
Ey(Gy) = {{s,v} |v € V(G)} a set of source edges and

*SaTisu Rao is professor at the University of California, Berkeley
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E(Gy) & {{t,v} |v €T} a set of sink edges

and
A-y(v) if {u,v} € Eq
£ wu,v) if {u,v} € E(G)
oo if {u,v} € FEy

wy (u, v)

An example of such an auxiliary graph can be seen in figure 3.14 for a graph with three vertices.

Note that the structure of the auxiliary graph is similar to the graphs used for the minimization

o
t
(0e]
w12 O w23
1 V2 V3
My (vz2)
Ay(v1) Ny(v3)
s

Figure 3.14: The auziliary graph for the complete graph with vertex set {vy,vs,v3}. All edges are marked
with their edge weight in the auxiliary graph. Edges connected to s are source edges and edges connected
to t are sink edges.

of energy functions used by KOMOLOGOROV and BOYKEV (see section 3.2 along with equation
(3.1)). In fact, these energy functions are quite similar to the costs of a minimum terminal cut in
an auxiliary graph. More precisely, if F(A, A°) is a terminal cut in an auxiliary graph G with

terminal s and ¢, for the corresponding cut value holds
wr(A, A) = wa({s},S) +wr(S, 5°) + wr({t},S), (3.18)

where S is the source set, i.e. S = A — {s}, and S€ is in the following always the complement
of S with respect to V(G), i.e. S =G\ — S — {t}. Recall from the definition of a terminal cut,
that it has to divide both terminals from each other. In order to achieve this, it can directly cut
some source edges, some edges from the original graph, and directly cut some sink edges which
respectively corresponds to the first, second, and third term in the sum of equation (3.18). Since

all sink edges have weights of infinity the last term in (3.18) is de facto zero if we are seeking for
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a terminal cut with minimal cut value. Moreover, the set of possible minimum cuts depends on

the parameter . Irrespective of the actual selection of A, all minimum (s, ¢)-cuts obey
wx({s},S) + wr(S,5°) <wr({s},G(V)) (3.19)

with S being again the source set as above. Due to the special selection of the edge weights of

an auxiliary graph the inequality (3.22) can also be written in the form
Ay (S9) +w(S, 5 < A-y(V). (3.20)

Since y(V) — v(S€) = v(S) and if S#£0D we finally get

w(S9,5°) = A-~(5) <0 (3.21)
and equivalently
w(S,5°)
—— <A\ 3.22
7S) 52

So, if A = miny fcut(A) a minimum (s,¢)-cut in G is also a minimum foreground cut in G.
Further note that (3.21) is the foreground cut version of “the question” of section 3.5 used for an
optimal parameter search for the minimum mean cut problem; likewise, we can perform a search
on the parameter \: If it is selected “too small” a minimal (s, t)-cut simply cuts all source edges
and thus yields the trivial cut with S = () and w(S,S¢) = 7(S) = 0 and we know X < feut(G).
That means, in order to solve the minimum foreground cut problem we must search for the first
parameter which gives a nontrivial cut which in turn can be done with binary search and requires
the solution of the minimal terminal cut problem for each selection on A.

However, similar to the minimum mean cut problem a more effective search technique is
possible: one can show that the optimal parameter can be found with at most |V(G)| iterations.
Even better, as the problem of finding a minimum (s, t)-cut in G is an instance of the parametric
mazimum flow problem, the optimal value can be found with an algorithm which has the same
time complexity as a single invocation to the minimum terminal cut algorithm if the preflow

algorithm of GALLO et al. [1989] is used. How this works is described in the next section.

3.6.2 Optimal Parameter Search

The key observation for an effective parameter search technique is that minimum terminal cuts

in an auxiliary graph with terminals selected appropriately are nested in the following sense:

Lemma 7. Let G be a simple graph and Gy, and G, two auziliary graphs of G with \; > Ao

and with the same seed set. Let further s,t be the source and the sink of the auxiliary graphs
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=/ /:/ /:/ /:/
A A A Ay Aoy

Figure 3.15: The modified newton method for determining the first breakpoint — here Ay — of K in the
range [N, \'] . The computation starts with /\’(’0) = X' . The first intersection point of the corresponding

line segments Lg, and LSEB) 18 )\’(’1). The first linesegment after Lg,, framed green, is the linesegment of
the foreground cut.
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according to definition 27. If Sy is the source set of a minimum (s,t)-cut in Gy, and S is the

source set of a minimum (s,t)-cut in G, then also holds S C Ss.

Proof. Due to the construction of an auxiliary graph, all source edges in G, have edge weights
smaller than or equal to all weights of the source edges in Gy,. Therefore, a source edge which

is in a minimum terminal cut of G\, must also be in G),. O

That means that there is a maximal sequence A\; > Ay > --- > Ay of monotone increasing
parameters where the source set of the corresponding minimum terminal cuts of G}, strictly
expands, i.e. one gets a sequence S1 C Sy C - -+ C Sy of strictly nested source sets. If k() denotes
the cut value of a minimum (s, t)-cut in G as a function of A, it follows that & is a monotone
piecewise linear function with at most ¢ < |V (G)| discontinouties. These discontinouties are also
called breakpoints.

Now recall that we are interested in the smallest A for which the left side of (3.21) is nonzero.
The desired parameter is Ay, i.e. the smallest breakpoint of k. It can be determined with a
modified newton method which we adapt from |GALLO et al. 1989]. Since & is a piecewise linear
function, it can be represented as composition of line segments, the intersection point of these

line segments being the breakpoints of k. Each line segment is given through
Ls;(N) £ w(8;, S5) + A - v(SF),

if S; is the source set of the minimum (s,t)-cut in G for A € (A;, Ai+1]. The first breakpoint
within a given range A € [N, \’] can be found by first determining the slope at x(\') and
#(N") which requires the computation of two minimum terminal cuts. Then we replace A" with
the point of intersection of the two line segments. If then x(\") = Lg,(\”) we know that A’
must be the first breakpoint after A’ otherwise we go on with this procedure until we are done,
see figure 3.15 for an example. The computation of the exact value of the breakpoint may be
problematic in practice due to precision issues. However, this is not really a problem as we are
mainly interested in the cut itself and not in the exact cut value (which can be easily computed
if we have the optimal cut anyway). Therefore, it is sufficient to know if we are on the first line
segment after the line segment of A\ which is the case if the computed cut for the intersection
point is the same as the cut for M or \".

For the final algorithm, we have to select an appropriate interval which is guaranteed to contain

the optimal parameter and we have to determine at least one seed vertex. For the interval we

select ]
min,ey (e {w(v)}
Y(V(G))
as the lower bound and
w(V(G))

min,cy () {7(v)}

for the upper bound. The seed selection is discussed in the next section.
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Algorithm 3.6.1: minForegroundCut

Input: a connected simple graph G with edge weight function w and vertex weight
function ~

Output: a minimum foreground cut

begin

select A\g, A1 such that A\g < Ap < Aq;

vs < vertex with maximal weighted degree, i.e. max{w({v},V(Q))};

compute the auxiliary graph G, with v, as seed;

S1 « source set of a minimum (s, t)-cut of G),/* s and t denote the source and the

sink of () according to definition 27 */;
o — w(S1,57);
B —v(S1);
A= A
repeat
A —N;
update edge weights of G;
S« source set of a minimum (s, t)-cut of Gy;
N (a—w(8,89) - (B—~(S))~* /* intersection point of Lg, and Lg, */;
until Lg,(\) = Lg(\) ;
return E(S,S°)
end

3.6.3 Seed Selection

For the solution of the foreground cut problem with the method just described it is necessary
to automatically select at least one seed for the auxiliary graph. Alternatively, one could also
select seeds at hand which would correspond to an interactive segmentation method but this is
not further examined here. Graph cut segmentation methods which require the selection of one
seed have already been described in the literature: Cox et al. [1996] solved the foreground cut
problem in planar graphs by searching for a closed contour in the dual of a pixel grid graph.
Their algorithm requires the selection of an edge which is guaranteed to be in this contour.
For this they select the edge with the smallest weight for the seed; the idea is that this edge
is likely to be in the cut. GRADY and SCHWARTZ [2006a| proposed an approximation scheme
for the isoperimetric cut which is described in detail in section 3.7. As with the foreground
cut method used here their algorithm also requires the selection of a seed which is guaranteed
to be in the background. For this they choose the vertex with maximal weighted degree, i.e.
max{w({v},V(G))}. Their idea is that a seed selected in this was is likely not to be incident to
an edge in the cut. A result of both the work of Cox et al. [1996] and GRADY and SCHWARTZ
[20064] is that selecting the seed based on the local features encoded by the edge weights is a
good heuristic for seed selection. So, we also choose the vertex with maximal weighted degree as
the seed. The resulting algorithm 3.6.1 then solves the minimum foreground cut problem with
the additional constrain that the background of the optimal cut contains the selected seed.

As a final note, it is also possible to use all vertices as seed in turn and select the cut with
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minimal foreground cut value as the final result. The resulting cut is then the optimal foreground
cut. However, this would also greatly increase the computation time and is therefore not used
here. Nevertheless, the impact of the seed selection on the final segmentation can be further

investigated in this way and could be the object of future work.

Time Complexity The most expensive part in computing the foreground cut is the computation
of the minimum terminal cuts. The preflow algorithm of GALLO et al. [1989] can be used for this.
It runs with time O(nmlogn?/m) with n being the number of nodes and m being the number
of edges in the graph. As the number of edges is proportional to the number of vertices with a
small factor in a sparse graph (cf. 2/ in section 2.3.4) the total time complexity is O(n?logn).
Moreover, using reoptimization techniques GALLO et al. showed that all breakpoints can be
computed by O(1) invocations of this algorithm. We have not implemented these optimization
techniques due to time constraints. However, we have found that for our experiments the actual

number of iterations needed only scales very slightly with the number of nodes in the graph, see

figure 3.16 for comparison.

mean iter.-count
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Figure 3.16: This figure shows the dependence between number of nodes in the graph and number
of iterations for the foreground cut algorithm method, the scaling for z-axis is logarithmic and for the
numbers we have e, = e - 10%; for data generation same method as described on page 57 has been used.

Implementation Notes For the computation of the minimum terminal cuts we also used the

open source graph library LEMON [JUTTNER 2008].
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3.7 Isoperimetric Cut

In this section we want to propose the isoperimetric cut of a graph as a candidate for our seg-
mentation tool. Computing it is a classical problem of extremal graph theory [CHUNG 1997].
Isoperimetric problems, in general, also have a long history in the field of geometry. Originally, it
describes the problem of determining a closed curve with fixed length which encloses a maximal
area |CHUNG 1997|. In graph theory, we are faced with the same problem if volume and perime-
ter are defined properly. In general, all optimization problems concerned with the problem of
optimizing some kind of relation between perimeter and volume can be regarded as isoperimetric
problems. The foreground cut (section 3.6) and the normalized cut problem (section 3.8), for
example, could thus also be put into this category. However, the term often means the problem
of determining the isoperimetric number of a graph respectively the corresponding isoperimetric

cut:

Definition 28 (ISOPERIMETRIC CUT). For a simple graph G with edge weight function w and
vertex weight function v a cut E(A, A®) for which the term

w(A, A°)
min {y(A),y(A%)}

is minimal is called (minimum) isoperimetric cut (of G) and the cut value with respect to this

icut(A, A°) & (3.23)

function, i.e. icut(A, A), is called the isoperimetric number of G.

The cut measure icut is thus a balanced version of the foreground cut (section 3.6) which only
uses the term v(A) for normalization. For the selection of the vertex weights we have the same
options as with the foreground cut. Again, we choose the weighted degree which is also used in
[GRADY and ScHwARTZ 2006a].

The isoperimetric cut possesses an even stronger connectedness property than the foreground

cut (for a proof see [GRADY and SCHWARTZ 2006a] and references therein):

Theorem 6. If E(A, A) is an isoperimetric cut of a simple graph then holds that both A and

A€ are connected.

Unfortunately, computing a minimum isoperimetric cut is NP-hard in general (see [GRADY
and SCHWARTZ 2006a| and references therein). The problem becomes more tractable if the
class of considered graphs is constrained to the class of planar graphs. The currently best
known algorithms for determining the isoperimetric cut within a planar graph is due to PARK
and PHILLIPS [1993]. They have developed two exact algorithms which run in O(n*W) and
O(n2W - lognW) time respectively where W £ ~4(V(G)) is the total vertex weight and n is
the number of vertices in the graph. Hence, both algorithm have exponential time complexity
if the vertex weights are given in binary form and are therefore pseudo-polynomial. We think
that the run-time performance of these algorithms is too slow for graph structures encountered

here. Instead we use an approximation scheme which has recently been published by GRADY
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and SCHWARTZ [2006a]. An interesting question for further work would be to investigate how
close the method of GRADY and SCHWARTZ is to the optimal solution.

Linear Approximation

GRADY and SCHWARTZ [2006a,b| proposed a new, simple approximation technique for finding
isoperimetric cuts in simple graphs. It only requires the solution of a system of linear equations
with an additional sorting step.

For a simple graph G with vertex set V 2 {vi,...,v,}, a cut induced by S C V can be

represented with an indicator vector & with

Tr; =
0 else

A{l if v, eS

Then, the total costs of the edges in the cut F(S, S¢) can be written
w(S,8%) =a"Lx

if L is the well-known LAPLACIAN of G which is defined as

w{vi},V) if 1=y
Lij =S —w(vi,vj) if {’UZ',U]'} S E(G)

0 else

In addition, the total vertex weights of a set S C V(G) can be written
Y(S) =y

with v = (y(v1),...,7(v,))T. Putting all together, we can cast equation (3.23) into the form

x' Lz
icut(A, A°) = 3.24
A = T =) (3:24)

with & being the indicator vector of A. The crux of the isoperimetric cut problem is the minimum
operator in denominator of equation (3.24). The incorporation of both the fore- and background
vertices into the optimization problem makes it very difficult to handle. However, it is possible to
overcome this situation if we first remove the minimum operator and add an additional constrain
instead. Moreover one can ‘relax” the problem by letting the variables x; take on the contin-
uous interval [0,1] instead of only the two values {0,1}. So, if we apply the first modification

minimizing (3.24) is equivalent to minimizing the simpler expression

o

2
e (3.25)
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subject to the constrain &'y = k < 1/21T4. The second modification, allows one to insert the
constrain just added into 3.25 with aid of a LAPLACIAN Multiplier:

Q) 2 2 La — A"y — k),

such that finding an optimal argument for (3.25) can be done by finding an optimal argument for
Q(x). Since L is positive semi-definite and 2T is non-negative the expression Q(z) is minimized

at any critical point [GRADY and SCHWARTZ 2006a]. Differentiating Q(x) with respect to @ yields
Q'(x) = 2Lz — Ay
Setting Q'(x) = 0 we finally get after some rearranging:
2Lx = A~.

Since we are only interested in the relative values of @ we can safely drop the scalars 2 and A.
Unfortunately, L is singular, i.e. all columns and rows sum to zero, which also means that it
is not invertible. In order to overcome this situation GRADY and SCHWARTZ propose to assign
one beforehand selected seed vertex v; € V(G) to the “background” S¢ which is equivalent to
setting x; = 0. This way, we can remove the i-th row and column from L yielding L; and the
i-th component from x and « yielding x; and ;. So we finally arrive at solving the system of
linear equations represented by

Liwi = . (3.26)

So solving equation (3.26) results in a vector & € [0,1]"~!. This vector can be converted into a

cut by application of a threshold ¢ on each component, i.e. by setting
S={v; e V(G)|z; <t}. (3.27)

The resulting cut E(S,S5¢) is then not guaranteed to be connected. However, GRADY and
SCHWARTZ [2006a] show that at least the component of the resulting cut containing the seed
vertex is always connected. In summary, starting with a region adjacency graph with given edge
and vertex weights we have the following steps to take in order to get an approximating solution

to the isoperimetric cut problem:

Algorithm 3.7.1: isoperimetric cut

1/ Enumerate all vertices of the graph arbitrarily and compute the entries for L and ~,
2| determine a vertex v; which functions as seed vertex,
3| solve the system L;x; = ~; of linear equations, and

4| threshold the solution «; to take only on binary values.
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We briefly discuss these steps

2 For the selection of the seed vertex GRADY and SCHWARTZ [2006a| suggest to use the vertex
with the maximal weighted degree. The motivation of this is that a vertex with high degree is
likely not to have an edge in the optimal cut. They also have found that the selection of the seed

vertex is only crucial in pathological cases. Therefore, we adopt this selection method here.

3| Solving the linear system of equations is computationally the most expensive step. Since L;
is symmetric and semi-definite the conjugate gradient method can be used which is both effective
and accurate [PRESS et al. 2002, p. 87 et seqq|. Moreover, since the LAPLACIANS of the region
adjacency graphs derived from an initial segmentations are sparse (cf. (2 in section 2.3.4), the
matrix-vector multiplications needed for the conjugate gradient can be effectively computed. We
used the conjugate gradient method available in the scIPY python module for this ®. Figure 3.17

shows the solution of the linear system of equations for a region adjacency graph derived from

the watershed segmentation of an image from the BERKELEY Image Database.

Figure 3.17: An example for the isoperimetric cut approximation; the image on the right shows the
entries for the vector x; after solving the linear system of equations and the resulting cut (red line) after
thresholding. The region adjacency graph has been derived form a watershed segmentation and has edge
weights from colorMean.

However, it should be noted that the solution of the linear system of equa-
tions can be problematic for small problem instances which correspond to “star”
graphs, see the figure on the right. We encounter such graphs during the recur-
sive application of the isoperimetric cut. If the seed vertex happens to be the
vertex in the middle the corresponding LAPLACIAN only contains one row which means that we
cannot use the approximation scheme. The solution to this problem is very simple: Since the
isoperimetric cut has to be connected with both components being nonempty, it can only cut
one isolated vertex from the star configuration being unequal to the vertex in the middle. So,

the computation of the isoperimetric cut for such configurations is straightforward.

4/ GRADY and SCHWARTZ investigated several ways to actually determine such a threshold

SFor the time of writing (September 10, 2008) this software was available to the author at http://www.scipy.org.
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value. Here we chose the method which also yields the smallest isoperimetric number. In order
to achieve this, one could successively select all z; as a threshold and compute the isoperimetric
number of the resulting partition and select the partition with the optimal value. This would re-
quire O(n?) operations. However, it is possible to determine the optimal threshold in O(n-logn)
operations requiring an additional sorting step [GRADY and SCHWARTZ 2006a]: If the compo-
nents of an indicator vector « are sorted one can simple successively use its components xj in
increasing order as the threshold value. So, if we set t = x, the cut value of the cut satisfying
equation (3.27) can be computed from the LAPLACIAN L and the vertex weight vector 4 which
now have only for the components L;;,7; with 7, j < k nonzero entries. This also means that the

cut value can be computed with O(n) operations if the indicator vector is already sorted.

Time Complexity The time complexity for the algorithm is composed of the time complexity
of solving the linear system of equations and the time complexity of the sorting step which
is O(nlogn). For the linear system of equations the dominant operations is the matrix-vector
multiplication for the LAPLACIAN which is for sparse matrices O(m) if m is the number of nonzero
entries. Since m < ¢ -n for n being the number of vertices in the graph and ¢ a constant, the
time complexity for this operations is O(n). This makes a total complexity of O(N - n + nlogn)
where N is the number of iterations needed for the conjugate gradient method. GRADY and
SCHWARTZ [2006a] assumed N to be constant. Figure 3.18 shows the dependence of the number
of vertices in the graph and the number of iterations used by the conjugate gradient method for
our experiments. As one can see, the number of iterations indeed increases much with increasing

graph size.

8,000

6,000 | i

4,000 | i

2,000 | .

07 | —— |

mean iter.-count

1.04;
1.614
2.47,
2.714
2.93;
3.191
3.34;1

Figure 3.18: This figure shows the dependence between number of vertices in the graph and number of
iterations for the conjugate gradient method, the scaling for z-axis is logarithmic and for the numbers we
have e, = x - 10¢; for data generation same method as described on page 57 has been used.
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3.8 Normalized Cut

This section introduces the cut of SHI and MALIK [2000] which they call “the normalized cut”.
It is probably the most famous normalized version of the minimum cut and we therefore also
adopt this name here despite of the fact that all cut measures used in this work are normalized

versions of the minimum cut.

Before we discuss the actual normalized cut of SHI and MALIK [2000] we introduce are more
generalized version. Similarly to the isoperimetric cut, the normalized cut also uses a weight

function defined on the vertices of a graph for proper normalization:

Definition 29 (NORMALIZED CUT). For a graph G = (V, E) with edge weight function w and
vertex weight function v the normalized cut value of a cut (A, AS) with A € V is defined as

c Aw(A,AC) w(A, A)
Nt A =T T e

and a cut with minimal normalized cut costs is refereed to as a normalized cut.

(3.28)

The usage of a vertex weight function in the normalized cut leads to cuts which are balanced
with respect to the wolume of the resulting subgraphs, which is defined as sum of the vertex

weights in the subgraph.

For the actual definition of the volume we have two common candidates for selecting the value
of v(v) for v € V: The number of edges incident to v, i.e. v(v) = |E({v}, V)], and the sum of the
weights of the incident edges, i.e v(v) 2 w({v}, V) which is the weighted degree of section 3.6.
Using the first suggestion the normalized cut defined by equation (3.28) becomes the so called
average cut and the second gives the normalized cut as defined by Su1 and MALIK [2000].

Although the average cut has already been used in the field of computer vision [SARKAR and
SOUNDARARAJAN 2000| we concentrate here on the normalized cut of SHI and MALIK for the
following reason: The average cut is only balanced with respect to the number of vertices in the
components of the cut and therefore does not take into account the relations of the vertices to
each other encoded in the edge weights. The normalized cut has this property which can be
further investigated if we look at the normalized association defined as [SHI and MALIK 2000]:

a w(A,A)  w(AS A

nassoc(A, A) S(AT) + (A V)

(3.29)

It describes how tightly connected the nodes in each component of the cut are. Since w(A, A) =

v(A)—w(A, A) and similar for A° the connection of the normalized association to the normalized
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cut can be seen from:

W(A, A%)  w(A, A°)

ncut(A, A%) = 7(:4) + ~+(A9)
_(A) w4 4) | (A - w(45 A9
7(4) V(A°)
L w(AA) | w(As, A9
TS
Ly wAA) | w(Af A9
T W(AV) T w(AsY)

)
)
= 2 — nassoc(A, A)

Thus minimizing ncut(A, A°) also maximizes nassoc(A, A).

Spectral Relaxation

Unfortunately, finding a normalized cut is NP-hard in general (see |[SHI and MALIK 2000]| for
a proof) and for the time being it is not known if imposing restrictions on the structure of the
graph makes it more tractable. However one can find an approximating solution using spectral
relaxation which means using the eigenvectors of a scaled version of the LAPLACIAN. Note
that we already use the LAPLACIAN in section 3.7 for linear relaxation of the isoperimetric cut
problem. The general idea is similar for the normalized cut; at first we proof that we can express
the normalized costs of equation (3.28) using the LAPLACIAN of a graph together with some

constraints and then get an approximating solution if these constraints are relaxed somehow.

More precisely, we can represent a cut F(A, A°) in a graph G with vertex set V 2 {vy,...,v,}

with an indicator vector x defined as

A +1 if V; € A
xXr; =
—1 else

Using the same definition of section 3.7 for the LAPLACIAN of G which is

Lij = 7w(vi,vj) if {Ui,f()j} S E(G) )

0 else

we can write

w(A,A%) = Lz L.
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For the volume of the hole vertex set V' we can write
y(V)=a Tz
if T is defined as

r é{'y(vi) if i=j

0 else

The following theorem establishes the connection of these definitions to the normalized cut prob-

lem. This theorem, its proof, and the subsequent line of argumentation is based on [KEUCHEL

2004, chapter 3, p. 29 et seqq| :

Theorem 7. If (A, A) is a solution of the normalized cut problem, then the optimization problem

min Y. LY
y y'Ty
subject to the constraints

ye{—a,%}n and yTI‘1:O

with o & J((fc)) 18 equivalent to the normalized cut problem.

(3.30)

Proof (based on [KEUCHEL 2004, chapter 3, p. 29 et seqq/). First note that since v(V') = vy(A°)+

v(A) equation (3.30) can also be written as

w(A, A°)
v(A4) - y(A°)

Using the alterantive vector and matrix notation as describe above, we have

ncut(A4, A°) = y(V)

imTLm

ncut(A4, A%) = ’Y(V)W

since (ab)a" La = (ax)" L(bx)

(3.31)

5The results of KEUCHEL lead us to same algorithm as in [Su1 and MarLik 2000]. We use KEUCHEL derivation

as we think that it is more intuitiv and easier to follow.
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for better reading we further define 3¢ £ 1+ a? and e £ 1 —a? such that we can proceed with

(lﬁ@aU)TL(lﬁeam)
t A AC — 2 2
ncut(4, A%) a?-z'Tx
(380z) "L(3Ba) n 1621TL1 + 1881 La
- a? Tz o? - x'Tx

=0 since 1 Lv=0Vv

_ (3Be®) "L(3Bax) + (38:1)TL(381) + 2 [(368:1)TL(38a)]

o? - xTTx

(55 (Baz + 5@1)) L (5 (Baz + ﬂel))

- ' Tx

Further we can derive

2Tz = (A) +1(A)
(A + L (A)
L+ 0®)(Y(A) +9(A9) + §(& — o) (v(A) — v(A9))

=«
=1

_ (a2

-2
= (583 + £62)(1(A) +7(A9) + (358000) (7(4) — 1(A9))
= (52)2 Tz + (35 02)1T1 + (55 fc o)1 T
= (:82) T (4 fom) + (£ 8o 1) T(E A1) +2- [ (L 6e1) T (L foa)|
= (55 (Baz + Fo1)) T (5 (B + fol))

So, if we set

one can see that actually y € { —a,ox " holds. For the second constraint, observe that

= % (2éw(A) — 2aw(A°))

~ 3 (2t - wa0)

finally proves the stated equivalence.
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While theorem 7 does not alter the intractability of the normalized cut problem — the value
7(A)/y(A<) has to been known in advance — it offers nevertheless a way for an approximation
scheme: One could drop the constraint y € { -, é}n, that is, relaz this binary constraint on
y and instead minimize equation (3.28) for real valued entries of y by solving the generalized

eigenvalue problem
Ly =Ty (3.32)

Since L is symmetric and positive semi-definite [SHI and MALIK 2000] and I" is positive definite (it
is a diagonal matrix with all entries being positive) all solutions to equation (3.32) are guaranteed
to be positive. Moreover, since 1 is an eigenvector of the LAPLACIAN with eigenvalue 0 (L1 = 0)
SHI and MALIK [2000] suggest to use the second smallest eigenvalue of equation (3.32) for an
approximating solution of the normalized cut problem. The problem can be even simplified as
equation (3.32) can be transformed into a standard eigenvalue problem [SHI and MALIK 2000]:
Due to the definition of T it is symmetric positive definite and we can write I' = FFT with

1 1
F =T2 = diag(y2?). Thus, we can rewrite equation (3.32) into the form
1 1
I 2LT°2 = Az (3.33)

with z = l"2y So, solvmg (3 32) is equivalent to solving (3.33). Since L is positive semi-definite
this also holds for I'™ 2LI‘ 2 which means that all its eigenvectors are positive. Moreover, as
z & I‘%l is an eigenvector of (3.33) with eigenvalue 0 which is also perpendicular to all other
eigenvectors of (3.33) we have

20 zy=yT'1=0

if z5 is the second smallest eigenvector of (3.33). This means that solving either (3.32) or (3.33)
also automatically satisfies the second constraint in theorem 7. Note, that if (3.32) is solved the
1
resulting eigenvector zo has to be transformed by yo = I'" 2 z5 in order to get the final result.
As with the isoperimetric cut (section 3.7) this real valued solution can then be transformed

into a cut of the corresponding graph by thresholding. So, finally we arrive at the following steps

for finding a solution for the normalized cut problem:

Algorithm 3.8.1: normalized cut ‘

1/ Given a graph enumerate all its vertices arbitrarily and compute the entries for L and T,

2| either solve the generalized eigenvalue problem given by equation (3.32) or the standard

eigenvalue problem given by equation (3.33), and

3| threshold the solution y to take only on binary values.

We would like to give some remarks on the last two steps:

2 Solving the generalized eigenvalue problem is computationally a very expensive step. As

already noted for the isoperimetric cut, the LAPLACIAN for the graphs used here are sparse.
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Therefore one can use optimized eigenvalue solvers. We used the implementation available with
the PYSPARSE python package’ which uses the routines of the ARPACK fortran library. Fig-
ure 3.17 shows the solution of the eigenvalue problem for a region adjacency graph derived from

the watershed segmentation of an image form the BERKELEY Database.

3| For thresholding we used the same method as described in section 3.7 but appropriately

modified for the normalized cut.

Figure 3.19: An example for the normalized cut approximation; the image on the right shows the entries
for the second smallest eigenvector and the resulting cut (red line) after thresholding. The region adjacency
graph has been derived form a watershed segmentation and has edge weights from colorMean.

Time Complexity The most expensive part for the computation of the normalized cut approx-
imation is solving the eigenvalue problem. This can by done with the LANZCOSs Method which
runs in O(nm) + O(nk) time with n being the size of the matrix, i.e. the number of nodes in
the graph, m being the number of iterations needed for the LANzZCOS Method, and k being the
costs of a matrix-vector multiplication [SHI and MALIK 2000]. Since L is sparse this can be done
using O(n) operations. The number of steps m can not be further determined but figure 3.20

shows that for our experiments it slowly grows with the number of nodes in the graph.

"For the time of writing (September 10, 2008) this software was available to the author at http://sourceforge.
net/projects/pysparse/.
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mean iter.-count
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Figure 3.20: This figure shows the dependence between number of nodes in the graph and number
of iterations for the normalized cut algorithm method, the scaling for x-azis is logarithmic and for the
numbers holds e, = x - 10°; for data generation the same method as described on page 57 has been used.
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4 Evaluation

In this chapter we discuss the evaluation method used in order to assess the segmentation quality
of the various instances of the basic segmentation scheme (as described in section 2.3.4). We start
with a brief discussion of the evaluation problem for image segmentation algorithms in general.
Then we give an overview of the work of MARTIN et al. in conjunction with the BERKELEY Image
Database. After this the Normalized RAND Index is discussed which is used here to actually
assess the segmentation results. Finally, the evaluation scheme is described and the results are

presented and discussed.

4.1 Image Segmentation Evaluation

As the main interest of this thesis is to qualify the impact on segmentation results if different types
of graph cuts and edge costs are used it is necessary to actually tell what a “good” segmentation
is. Moreover, for an exhaustive comparison of different segmentation algorithms on a huge set of
images it is necessary to express the segmentation quality in terms of an index being effectively
and automatically computational. The ill posed nature of the segmentation problem renders this
task very difficult.

There have already been approaches to this problem in the early eighties while the number of
publications increased much in recent years. For an overview of progress on this topic ZHANG
published several surveys [ZHANG 1996, 2001, 2006].

Following ZHANG, evaluation methods can be divided into analytical and empirical methods.
Analytical methods, qualify segmentation methods from a theoretical standpoint on algorithmic
characteristics such as runtime-complexity, stability under variation of intrinsic parameters or
input data. Such attributes can certainly only be given in addition to ones which are more
concerned with the actual segmentation quality.

Empirical methods can be further divided into goodness and discrepancy measures. Goodness
measures assess segmentation results indirectly by using quality measures motivated by human
intuition on properties a good segmentation should have. Examples for goodness measures are
region homogeneity or inter-region contrast respectively. Discrepancy measures actually use a
reference segmentation, also called ground truth, which is seen as being optimal in some sense.
A discrepancy measure then measures how close a segmentation is to the ground truth.

Here we use an empirical method, namely, the Normalized RAND Index together with ground

truth data from the BERKELEY Image Database.
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The Berkeleylmage Database

The BERKELEY Database is an image database of natural scenes with several manual performed
segmentations for each image. It has been introduced by MARTIN et al. [2001] and later described
in more detail in [MARTIN 2003].

The main intention of MARTIN et al. is to provide a solid basis of ground truth data for em-
pirical evaluation of segmentation algorithms. For this MARTIN et al. have taken a subset of
images from the well known Corel Image Database. The selected images show mainly natural
scenes that contain at least one discernible object such as animals, human beings, or man-made
structures, see figure 4.1 for some examples. This excludes images with difficult photometric phe-

nomena such as prominent shadows, reflections, or translucence. All images have been segmented

Figure 4.1: some examples of images contained in the BERKELEY Image Database

manually by non computer vision experts briefed with the following instructions [MARTIN 2003,
Chapter 2, p. 11]:

You will be presented a photographic image. Divide the image into some number
of segments, where the segments represent “things” or “parts of things” in the scene.
The number of segments is up to you, as it depends on the image. Something between
2 and 30 is likely to be appropriate. It is important that all of the segments have

approximately equal importance.

These instructions were intentionally formulated in a vague way in order not to bias the ex-
periment and to encourage each subject to segment each image in a natural manner and as a
naive observer. The segmentations were performed using a Java tool, and importantly, each
image has been segmented several times from different subjects. For evaluating segmentation

quality we choose a subset of one hundred randomly chosen images from the BERKELEY Image
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Database with 4 — 9 (5.43 on average) different ground truth segmentations for each image .

Some examples of the ground truth data can be seen in figure 4.2

Figure 4.2: some examples of manual segmentations from the BERKELEY Image Database. The first
column shows the image on which segmentation has been performed. The remaining columns show the
manual segmentation where each of them has been performed by a different subject (at least in the same
row). These examples also show the occurrence of mutual refinernent.

As one can see from these examples, the various manual segmentations differ in level of gran-
ularity on which the division into segments has been performed: For example, in the second row
of figure 4.2 one can see that parts of the image have been segmented into several regions by
one subject where another subject only segmented the same region into one group and the other
way around. This phenomenon is called mutual refinement. The important thing to note is that
difference in segmentations performed by humans can be mainly reduced to this aspect and are
therefore perceptually consistent. Hence, MARTIN et al. [2001] argue that the idea of comparing
segmentation results to all perceptually valid interpretations of an image is a reliable basis for

an evaluation framework.

4.2 Rand Index and Extensions

In this section we discuss the Normalized Probabilistic RAND Index (NPR) introduced to the
field of computer vision by UNNIKRISHNAN et al. [2007] for automatically assessing the quality of
segmentation results. The intention of UNNIKRISHNAN et al. was to design an empirical evalua-

tion measure which can be used if several ground truth segmentations for an image are available

lat the time of writing (September 10, 2008) the image data together with the ground truth data was available
in internet at http://wuw.eecs.berkeley.edu/Research/Projects/CS/vision/grouping/segbench/
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and obeys certain additional requirements such a measure should fulfill. The requirements are:
1| nondegeneracy

2| no assumption about data generation

3| accommodation to mutual refinement

4| comparable scores

1 Nondegeneracy means that there should be no pathological configurations for which a seg-
mentation gives very high scores although it does not fit well to the ground truth data. This is
one main aspect which motivated UNNIKRISHNAN et al. [2007] to introduce the NPR since other
measures have problems with degenerated segmentations which for example only contain one big
region or many very small sized regions. Therefore those measures required the segmentation to
be assessed and the ground truth data to have comparable number of regions. If this is not the

case those measures produce misleading high scores. The NPR does not have such requirements.
2 The measure should not make assumptions on the number of regions or their size.

3 The phenomenon of mutual refinement as described above should be handled appropriately.
This means that the measure should not punish difference in segmentation granularity being con-
sistent with the ground truth data and do punish difference in granularity not being consistent
with the ground truth.

4/ To be usable as an evaluation measure the scores of the NPR should allow comparison of
segmentations from different images using the same algorithm as well as comparison on one image
using different algorithms.

The NPR is based on the Probabilistic RAND Index which in turn is based on the RAND Index
which are now presented in detail. For this we assume that segmentation results are represented
with label-images, which are image functions £ : w x h — N assigning each pixel of an image to
an unique label. The problem of incorporating sub-pixel accurate segment boundaries into an

evaluation framework using label images is discussed on page 86.

Rand Index

Similarity of two different segmentations can be expressed through the pixel pairwise comparison
of the associated labels from label images: For two label images £, £ defined on a set of pixel

positions {p1,...,pn} the RAND Indez is defined as

—1
RE.0) 2 () 3 leeiod) - olind) + (1= alis )1~ (i )] (@)

i<j
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with

celig) = { L Ep]=tip]

(named after WILLIAM RAND, see [UNNIKRISHNAN 2005] and references therein). So, the expres-
sion R(£,£') simply denotes the number of agreements of the two label images on the question
whether two given pixels are in the same segment normalized by the number of possible pixel-
pairs. A value of zero indicates maximal dissimilarity and a value of one indicates maximal
similarity of two segmentations. Note that the RAND Index does not require two segmentations
to have the same number of segments. Moreover, it also does not require two segmentations to
agree on a certain label for a segment. That means we can permute all labels of a label image

without affecting the value of the RAND Index.

As shown in [UNNIKRISHNAN et al. 2007], the RAND Index can be effectively computed with
O(n+L) operations with L being the number of different labels: Equation (4.1) can be rearranged

to the form

)= (3) [(Teein cotin) + (S0 -catiin - coti.an)

1<j 1<j

Cl C12

Where term C7 denotes the number of pixel pairs which are assigned to the same segment by
both £ and £ and, similarly, term C5 denotes the number of pixel pairs which are assigned to

different segments by the two label-images.

For the computation of C7, we define the contingency table (of £ and £')
Ct(fl,ﬂz) = ‘{p e w X ﬁIE[p] =/ /\f’[p] = EQ}‘

which denotes the number of pixels pairs which have label #1 in £ and also label ¢5 in £5. Hence,

this term equals the number of pixels shared by the associated segments in the two segmentations.

Cr - Z (ct(é, E’)) (4.2)

0.0

Now we can write

which means that C can be computed using O(n) operations.

As the second term represents the number of pixel pairs with different labels in both segmen-
tations, one can simply compute it by subtracting all pairs of pixels which do not belong to that
category from the total number of possible pixel pairs. There are four categories and one of these

is already represented by equation (4.2). For the two categories left, we further define

ct(l,-) £ ct(6,) and ct(-0) £ ct((, )
A ¢
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which are the numbers of pixels with label ¢ in £ and the number of pixels with label ¢ in £

o, o Z (Ct(j’ .)) _¢

14

respectively. Now, the term

denotes the number of pixel pairs which have the same label in £ but different labels in £

04 = Z (Ct(; €)> - Cl

[/

Likewise, the term

denotes the number of pixel pairs which have different labels in £ but the same label in £'. Putting

all together, we can write the second term in the form

Cy = <Z>—01—03—04

- (g) s (a(g, f’)) B (a(ﬁ, ->) oy (ct(; f)) (4.3)

o ¢ o

So, Cy is computable in O(n + L) steps which is also the overall complexity of for the RAND

Index.

Implementation Notes For the actual computation of R all values of a contingency table ct(€, £')
are determined and put into an array data structure where the i-th row contains all entries of
ct for label ¢ of label image £. Note that if for two label-images £; and €5 holds that £; can be
transformed into £ by merging two regions with label 7 and j, the contingency table of £5 and £’
can be computed by merging the i-th and j-th row in the contingency table of £; and £'. More
precisely, if cty is the contingency table of £; and £, and cts is the contingency table of £5 and
£, we have
cta(k,l) = ct1(i,0) +cti(5,¢) Vle L

if L is the set of different labels in £ and k is the label of the region in £5 which is composed of
the regions with label ¢ and j in £;.

Similarly, we can go in the opposite direction by “splitting” the appropriate row in a contingency
table if one region is split into two parts. Using these simply operations we experienced a serious
performance gain when computing the RAND Index in conjunction with recursive application of

graph cuts (see section 4.3).

Probabilistic Rand Index

Unfortunately, the RAND Index does not fulfill the requirements given above. Especially, it treats
each disagreement of two segmentations on label assignment with equal importance. Hence,
mutual refinement is not handled appropriately.

Nevertheless, it is possible to extend the RAND Index such that it fulfills our needs. The
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Probabilistic RAND Index, first proposed by UNNIKRISHNAN [2005], assumes the existence of a
BERNOULLI distribution p(i, j) which models the probability that two pixels p;, p; belong to the
same segment. Instead of comparing a certain segmentation to one ground truth segmentation, a
set L of different ground truth segmentations is employed. This way, we can turn to a probabilistic
interpretation in which each agreement on label assignment of two pixels is weighted by the
probability that this is correct. This probability can be estimated on basis of the ground truth

data. Such a generalization called the Probabilistic RAND Index is defined as follows:

-1
PRI 2 (3) Ylerlid) pelid) + (0 -l D0 -pelid)] (44)

1<j
where p,(7,7) is the estimated probability that pixel p; and p; have the same label, i.e. belong

to the same segment, based on the set £ of ground truth segmentations.

For the concrete definition of p, (i, j) UNNIKRISHNAN [2005] proposes to use the sample mean

estimator

pe(is j) ce(t, ) (4.5)
T Z

With this definition the Probabilistic RAND Index can be reduced to the mean of all RAND

Indexes between the segmentation to be assessed and all elements of the ground truth data:

PR(£|L) £ ‘Z R(£,2)

el

Normalized Probabilistic Rand Index

In order to be more comparable on different images a baseline correction is performed. So, we
finally arrive at the Normalized Probabilistic RAND Index if equation (4.4) is normalized by the

expected value of the index in the following way:

PR(£| L) — E[PR]
max {PR} — E[PR]"

NPR(£| L) = (4.6)

For the computation of E[PR] we have:

-1
EPRE L)) =E|( 1) > [eeli,)peli f) + (1 celiy))(1 - peli5)]
2

i<j

(5) " 3 [Bleti (i) + B0 —eati 0101 - et )

2 —
1<J

-1
(5) S hpetiod) + (-0~ petis))].

i<j
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with pj; = E[ce(é,5)]. The term pj; is estimated from all ground truth segmentations in the
database:

1 L1

P D > celing) (4.7)
M | Lo
m=1 eeﬁm

where L, is the ground truth data of the m-th image in the database. The computation of pgj
is very expensive for a large dataset. UNNIKRISHNAN et al. [2007] used 50,000 randomly chosen
instances of cg(i, j) instead. They reported negligible change in the results if more samples were
used. The range of the indexes is now not longer constrained to the interval [0, 1] and can also

be negative. For our experiments we encountered values ranging from —1.24 up to 0.98.

Subpixel Boundaries

As the exact watershed transform from section 2.4 produces subpixel accurate segment bound-
aries it is necessary to convert the partition of the image-plane produced by the watersheds into
a label-image. We take a simple solution to this problem: We assign an unique label to each face
in the partition of the plane and construct a label-image £ by assigning to £ [p] the label of the

face that contains the point p.

(a) three boundary segments: two from manual segmentations (ground truth data) from different subjects (blue,
and black) and one from evact watersheds after using a graph cut. As one can see the manual boundaries differ
in accuracy.

A N

(b) subpizel boundary (red) and same boundary segment with pizel accuracy (yellow) and doubled pizel accuracy
(cyan). The NPR Indez is only affected slightly to this loss in accuracy.

Figure 4.3: Part of an image from the BERKELEY Image Database with subpizel segment boundary and
manual segment boundaries.

Certainly, this method means a loss of boundary accuracy which is actually the strength
of subpixel accurate segmentation methods such as the exact watershed transform. However,
this loss makes no big difference to the NPR-value of the resulting label-image: The boundary

accuracy of the ground truth data from the BERKELEY Image Database is poor in the sense



CHAPTER 4. EVALUATION 4.3. EVALUATION FRAMEWORK

that manual performed segmentation often differ near segment boundaries, see figure 4.3a. The
Probabilistic RAND Index is very robust to this phenomenon |[UNNIKRISHNAN et al. 2007 such
that discretising subpixel boundaries does not matter as far as the comparison to the ground
truth is concerned.

In order to confirm this we doubled the accuracy of the conversion step by applying the above
described method not only at pixel positions p but also at subpixel positions p+(=£0.5,+0.5)T, see
for example figure 4.3b. In this way we get doubled sized label images and compare them to the
ground truth data appropriately scaled. The mean absolute difference of the NPR-values between
these both methods on the watershed segmentations on the whole database is 8.02 - 10~ with
variance 1.07 - 1079, For comparison, the mean absolute difference of all pairs of segmentations

from the pixel precise method is 0.17 with variance 2.7 - 102.

4.3 Evaluation Framework

In this section the evaluation framework for the various segmentation algorithms is described.
For this we briefly review the segmentation scheme describe in section 2.3.4: At first we perform
an initial segmentation for each image using either the watershed transform (section 2.4) or the
mean shift algorithm (section 2.5). From this segmentation a region adjacency graph is derived
with edge weights being either the average gradient along the segment boundary (averGrad), the
difference of the color means (colorMean), or the earth mover distance (EMD), see section 3.3.
These edge weights are non-linearly scaled using an exponential function with a scaling parameter
(. The weighted graph is then recursively split using one of the graph cuts of sections 3.4 to 3.8
until a threshold parameter stop on the cut values is reached. Therefore, we have in summary

2 -3 -5 = 30 different segmentation algorithms each adjustable with parameters.

4.3.1 Parameter Selection

Since every segmentation algorithm investigated here depends on several parameters it is neces-
sary to determine the optimal values for them.

In order to make the evaluation manageable we select hand chosen parameters for the initial
segmentation step. For the watershed segmentation we have to determine the scaling parameter
o for the boundary indicator (see section 2.4). We choose a rather small o = 2.0 to ensure that
no potential boundaries are missed which results in 3000 segments on average (ranging from
1500 to 6000). For the mean shift we also have to select scaling parameters, one o for the
spatial part and one o for the feature part (see section 2.5). Similarly, we choose o; = 10.0 and
oy = 5.0 in order to ensure that the resulting segmentations miss as few as possible potential
boundaries. For the mean shift the number of segments among different images is much more
scattered ranging from 30 to 3000 segments.

Given an initial segmentation, a graph cut, and an edge weight function the final result only

depends on the scaling parameter § for the edge weights and the threshold parameter stop for
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stopping the recursion. For the parameter 8 we chose 30 uniformly distributed values in the range
[5,300] as we experienced values not being in this range to produce degenerate segmentations.
For each of these scaling parameters the optimal stop parameter is computed using the method
described below. Then we have 30 pairs of parameters for each image from which the pair with
the best NPR-value is chosen yielding 100 parameters for the complete image set. For each of
these pairs we do a leave-one-out cross-validation, that means each optimal parameter pair for
a certain image is used to perform the segmentation on the other images. Finally we select the

parameter pair which performs best on average.

Parameter Search for Graph Cuts

For the step of finding an optimal stop parameter on the recursive segmentation scheme we use
the same method for each cut except for the minimum cut which is described in the next section.
For a chosen scaling parameter the corresponding optimal stop parameter can be easily deter-
mined. To simplify the ongoing discussion a little bit we define the cut value of a subgraph as
the cut value of an optimal normalized cut in this subgraph. The basic idea now is: Since the
parameter stop is compared to the cut values of each sub graph created in course of the recursion
and there can only be a finite number of recursion steps, the optimal parameter must be among
the cut values produced during the recursion. We perform therefore a complete recursion for
a region adjacency graph, i.e. until the subgraphs only contain one vertex and thus cannot be
further split. In order determine which cut value corresponds to the best segmentation we have
to determine the NPR indexes for each cut value. For this we can compute the NPR index
each time a cut is applied, i.e. the current segmentation is further refined, and associate the cut
value of this cut with the NPR index. In this way we get a series ((A1,s1),...,(An,sn)) of cut
value/NPR-index pairs from which one can select the pair with maximal NPR-index.

The only difficulty with this approach is that we have to execute the recursion such that each
time a NPR-index s; is computed the corresponding cut value \; is valid in the sense that if we
set stop = \; we get the same segmentation for which s; has been computed and this is only the
case if \; < \; for j <iand A\; > \; for j > 7 holds.

In order to achieve this we actually perform the recursion in an ordered way. More precisely,
starting with the region adjacency graph from an initial segmentation, every computed subgraph
is put into a priority queue according to its cut value, i.e., the next item in the queue is always
the subgraph with the smallest cut value. The subgraphs in the queue are successively drawn
and their connected components, after removing all edges in the optimal cuts for the graphs, are
pushed as new items into the queue. The cut value \; of each drawn subgraph is compared to
a variable Amax which holds the maximum cut value of all drawn subgraphs. If A; > Amax we
output Amax as a valid cut value, set Amax = A; and continue in this manner until all remaining
subgraphs cannot be further split. As each draw from the priority queue corresponds to a split of
the associated subgraph, the change in the current segmentation can be concerned by updating

the current NPR according to a split operation of the contingency table (see implementation
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notes in section 4.2). The last NPR index before the valid cut value A is then the correct

NPR index of )\ij.

1j+1

Parameter Search for Minimum Cut

As we are not using the recursive segmentation scheme for the minimum cut but instead employ
a GOMORY-HU tree instead for forming the final segmentation we also use a different parameter
search for determining the optimal stop parameter. More precisely, after building the GOMORY-
HU tree for a certain graph at hand the edges of the tree are sorted with decreasing edge weights.
We first remove all edges from the GOMORY-HU tree and then successively add edges in order of
decreasing weights. Reinserting an edge into the tree then corresponds to a merge of two regions
in the initial segmentation. This way one gets a series of coarser becoming segmentations starting
with the initial segmentation and ending in the segmentation with one big region (e.g. the whole
image). Note that this exactly corresponds to the reversed clustering scheme as described in
section 3.4.

The corresponding NPR-values can be computed using the merge operation on the contingency
table (see above). The cut value with maximum NPR-value is then the optimal parameter for
that image with respect to the scaling parameter of the edge weights used. The cross validation

is then performed in the same manner as described above.
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4.4 Evaluation Results

We now turn to a detailed discussion of the evaluation results for the various instances of the
segmentation scheme. We have two NPR indexes for each image and each instance of the segmen-
tation scheme; one index gained from the optimal parameter-search as described in section 4.3 and
one index from the parameters performing best on all images on average after cross-validation.
A listing of these parameters from cross-validation can be seen in table A.1. As we have chosen
a subset of 100 images from the BERKELEY Image Database, this makes 2-100 NPR indexes for
each instance of the segmentation scheme. For the rest of this section we concentrate on the 100
indexes found by cross-validation. A NPR index is in the following also called (NPR) score.

We present statistics of the scores and examples of the corresponding segmentation results.
Whenever we compare two different instances of the segmentation scheme, we not only compare
their mean NPR scores but also apply two well-known statistical tests on the both distributions to
see if the difference are actually significant: The paired t-test and its nonparametric counterpart,
the WILCOXON signed rank tests (see for example [MEINTRUP and SCHAFFLE 2005]). For the
significant level we use the standard value o = 0.05.

In order to make the following discussion more observable we put most of the statistics and

segmentation results in the appendix of this thesis. These are:

Figure A.1 and Figure A.2 contain several plots. Fach plot shows the mapping of a certain
value for the scaling parameter (3 for the edge weights to the mean NPR index found by

parameter search over all images for that g.

We give several histograms in Figure A.4 (page 106) and figure A.5 (page 107) in order to give
an overview on how the NPR indexes are distributed for each instance of the segmentation
scheme. The green histograms in the first rows present the best NPR score on each image
found by parameter search. Red histograms present the NPR scores for the parameter which
has been found during cross-validation. From this, one can also see how the selection of one
parameter for all images impacts on the NPR scores. In figure A.3 the two histograms of the

NPR indexes for the initial segmentation steps are given.

Table A.2 gives a more compact overview through several simple statistics of the NPR scores,
i.e. the mean, minimal, and maximal NPR-score for the various segmentation algorithms. The
last column in each table gives the fraction of segments of the inital segmentation which are
also in the final segmentation; from this one can get an idea on how strong a certain algorithm

is biased to over- or under-segmentation.

Table A.4 gives a ranking of the cuts for each combination of initial segmentation step and
edge weight function. The entry in the first row is always the cut which performs best on
average. The results of some statistical tests are contained in the remaining columns in order
to verify that the ranking is also significant. Especially, the scores of each particular row are

compared to the first and the preceeding row. The last two columns compare the NPR scores
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with the scores of the initial segmentation step in order to see if the improvement of the initial

segmentation by using a cut is significant.

For comparison on how changing from mean shift to watersheds as initial segmentation step
influences the NPR scores see table A.3 on page 109. As before, we also inserted the results

from the statistical tests.
A similar comparison is given for the edge weights in table A.5.

Finally, in section A.3 (page 113-130) one can see several segmentation results on hand selected
images from which we think that they are a representative subset of all segmentation results.

We also included the results for one of these images in figure 4.4 for a first glimpse.

Whenever these content is needed for the ongoing discussion we insert the appropriate reference
to it. From these statistics, comparisons, and segmentation examples we draw the following

conclusions:

1| The usage of graph cuts always improves the quality of the initial segmentation on average.

However, the improvement does not seem to be always significant.

2] It is not possible to clearly identify an instance of the segmentation scheme which is superior

to all other ones.
3| The minimum cut is inferior if compared to the other cuts.

4| The cuts being normalized by the weighted degree — the foreground, the isoperimetric, and
the normalized cut — produce comparable results with respect to the NPR scores and the

number of segments in the final result.

5] For the different selections on the edge weights we found that the average gradient magnitude
(averGrad) performs significantly worse if watersheds are used for the initial segmentation

step.

6| The usage of the earth mover distance for the edge weights (EMD) does not lead to significantly

better results and is comparable to the color mean (colorMean).

7] The selection of the mean shift as initial segmentation can be problematic for the cuts being
normalized by the weighted degree. Except for the minimum cut using watersheds leads to

better results if the averGrad is not used for the edge weights.

Statement [1] to [3] are the most important ones as they address the main question we formulated
at the beginning of this work. While it is not possible to identify a certain instance being superior
we can be more specific on the inherent characteristics of the different cuts. So, we give a final

discussion on each cut and some remarks on the edge weights below.
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(g) isoperimetric cut (h) normalized cut

Figure 4.4: segmentation results of all cuts on one image for watersheds as initial segmentation and
colorMean for the edge weights
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Minimum Cut and Mean Cut

The minimum cut (as described in section 3.4) is the simplest graph cut investigated here. It can
be seen as the cut with the worst overall performance. Its NPR scores are often significant smaller
than the scores of the other cuts. We already discussed the bias of the minimum cut to produce
strong over-segmentation in section 3.2.1.1 as the costs of a cut grow both with increasing edge
weights and number of edges in the cut. Nevertheless, it can be still used to remove much of
the over-segmentation of the watershed transform in regions being quite homogeneously colored.
For example for the image on page 116 the minimum cut produces a very high score. The high
ranking of the minimum cut together with mean shift in table A.4 can be explained by the facts
that the mean shift already produces good initial segmentations and that the weighted degree
normalized cuts perform systematically worse due to the “single vertex” problem (see below). In
fact, for the image on page 122 on can see an example where the minimum cut removes almost

no edges at all and the NPR score is mainly due to the mean shift.

The mean cut successfully attacks the drawbacks of the minimum cut by normalizing the costs
of the cut by the total length of the produced boundary. It is therefore less biased to over-
segmentation and can also create segments with long boundaries. Especially, segments having
a large perimeter and a small area, which are problematic for all other cuts, can be produced
with the mean cut. However, the mean cut also often produces very small isolated segments as
it can be seen from the example segmentations. An example on how the mean cut successfully
overcomes the problems of the minimum cut can be seen in figure 4.5: The rectangle in figure 4.5a
enclosed a region where the minimum cut possess over-segmentation; the arrow in figure 4.5b
marks a very long boundary which is not problematic for the mean cut but for the minimum
cut. However, figure 4.5 is also an example where the minimum cut has a higher NPR score as

the mean cut since the marked segment is not in the ground truth data.

(a) mean shift with minimum cut and colorMean (b) mean shift with mean cut and colorMean

Figure 4.5: Final segmentation result from one image for the minimum cut and the mean cut.
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Foreground, Isoperimetric, and Normalized Cut

We now turn to a more detailed discussion of the foreground, isoperimetric, and normalized
cut. We already noted that the performance of these cuts is very comparable. Especially,
the foreground cut is not inferior if compared to the other two balanced cuts. Recall, that the
foreground cut is only normalized by the total vertex weight of one component in the cut whereas
the isoperimetric and the normalized cut take both components into account. The number of
segments in the final segmentations are also very similar especially for the watershed transform
as initial segmentation step. We would like to finish our discussion with two aspects which
especially attracted our attention: The “single vertex problem” and “shortcuts”.

As all of these three cuts use the weighted degree for the vertex weight function all of them share
the same problem which especially becomes evident with the mean shift as initial segmentation
step: If we look at the definitions of the three cuts with the weighted degree inserted for the

vertex weight function, i.e.

A )
feut(A4, A°) = (A, V(@)

e A

icut(A4, A%) = min {w(A4,V(G)),w(Ac, V(G))}
ncut(A, A%) = w4, &) + (A, &)

w(A, V(@) w(A5 V(@)

we can see that cuts having only one vertex in one of their components can be problematic.
More precisely, if for the foreground cut the component A only contains one vertex the cut value
evaluates to fcut(A4, A°) = 1. Similarly, for the isoperimetric cut the cut value also evaluates to
icut(A, A°) = 1 if the weighted degree for this vertex is smaller than the total weighted degree
of the other vertices. For the normalized cut we have ncut(A4, A°) > 1 if A or A° has only one
vertex. For comparison, the stop parameter found by parameter search is much smaller than 1
for all cuts (cf. table A.1). Figure 4.6 shows an example where this can be problematic: The
mean shift method has been used for the initial segmentation and successfully identified large
homogeneous regions. For example, a cut which has only the region hatched in figure 4.6a in
one component is very costly for the isoperimetric cut such that the final segmentation result

(figure 4.6b) is worse than the result for the minimum cut (figure 4.6a).

Another characteristic of these three cuts is the tendency of producing what we call shortcuts.
The meaning of this can be seen in figure 4.7. The segment boundary marked runs through

“real” boundary information is present. The reason

a region in the image where almost no
for this is that during the recursive scheme subgraphs can occur where the normalizing factor
dominates: For example, in figure 4.7a the subgraph corresponding to the sky is created after
several applications of the isoperimetric cut; it is then split into the two components indicated
with the hatched patterns. This is only possible as the total length of the edges in the cut

(marked with an arrow) is very short and the smaller one of the two components has still a high
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(a) minimum cut (b) isoperimetric cut

Figure 4.6: Ezample for isolated vertex problem. Both segmentations have been generated with mean
shift as initial segmentation step. The minimum cut successfully segments the big segment (hatched on
the left image).

total vertex weight. If the church spire were closer to the left image border, the cut would have
a higher cut value. While for example the normalized cut does not show this behavior for this
image (figure 4.7b) similar examples can be found for both the normalized and the foreground
cut.

Also note that the segmentations shown in figure 4.7b match completely except for the dis-
cussed cut. However, the NPR score for the isoperimetric cut is much smaller than for the

normalized cut.

(a) isoperimetric cut, NPR = 0.55 (b) normalized cut, NPR = 0.74

Figure 4.7: Example for “shortcut” of isoperimetric cut

Edge Weights

For the selection of the edge weights the most interesting aspect is whether the usage of sophis-

ticated weights improves the overall performance. In order to investigate this we decided to use
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the earth mover distance. We already noted above (statement '6) that we have not experienced
a significant improved if compared to the rather simple edge weights. Especially, the results are
often similar to the results for colorMean. This can also be seen from the various segmentation
examples we included in section A.3.

We also already noted that the selection of averGrad can be problematic for the watersheds.
This becomes especially apparent if one looks at the segmentation results of the mean cut,
see figure 4.8 for an example. As one can see, there are many small satellite segments near
high contrast segment boundaries. A possible explanation for this is that the flowlines running
orthogonally to such a high contrast boundary still have a certain part on this boundary such

that the average gradient magnitude for them becomes high enough.

Figure 4.8: Segmentation result for the mean cut with edge weights from averGrad.
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5 Summary and Future Work

In this chapter we give a summary of our work and present some possible extension for future

work.

5.1 Summary

In this thesis we described the image segmentation problem and an energy function based ap-
proach to it. Using energy function for segmentation has been proposed in the literature many
times. Especially, the graph cuts methods are very popular as they can be used for effectively
solving binary optimization problems which can then be extended with a recursive scheme in
order to form a segmentation consisting out of more than two segments.

We gave an overview on graph cuts related work in computer vision and identified a certain
class of graph cuts which can be seen as normalized versions of the minimum cut. We presented
and implemented algorithms for five different normalized cuts. Except for the foreground cut,
we did this on the basis of the relevant publications. For the foreground cut we worked out the
details of an algorithm due to SADISH RAO which has not been published so far.

In contrast to the classical application of cuts employing a graph structure which is directly
derived from the pixels of an image we use an initial segmentation step from which the graph is
build. This way the encountered graphs are much smaller and can have more sophisticated edge
weights. We used the exact watershed transform of MEINE and KOTHE [2006] and the mean
shift method of CoMANICIU and MEER [2002] for the initial segmentation step.

For the edge weights, we used the average gradient magnitude along the common boundary of
two neighboring segments of the initial segmentation, the difference of the mean color of those
segments, and the earth mover distance. The later can be seen as a rather complex similarity
measure if compared to the first two.

The main intention of this thesis was to investigate how the different selections of the initial
segmentation step, edge weights, and graph cuts impacts on the segmentation quality. For
assessing the segmentation quality we used the BERKELEY Image Database in connection with
the Normalized Probabilistic RAND Index of UNNIKRISHNAN et al. [2007]. We performed an
exhaustive search for the optimal parameter, i.e. the scaling parameter for the edge weights and
the stop parameter for the recursive scheme, by means of a leave-one-out cross-validation.

For the evaluation results we presented and discussed several statistics of NPR scores along

with several segmentation examples. From this we found that all cuts are capable of significantly
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improving the initial segmentation. This means that our basic segmentation scheme indeed is
useful for attacking the segmentation problem. We also found that the different cuts produce
comparable segmentation results with respect to the NPR scores except for the minimum cut
which is inferior as expected. This also means that the foreground cut is not inferior if compared
to the isoperimetric and the normalized cut where the later two correspond to NP-hard optimiza-
tion problems. We further found that the common usage of the weighted degree for the vertex
weight function can be problematic especially for initial segmentations being less over-segmented.

For the edge weights we found that the selection has no big influence on the segmentation
quality except for average gradient magnitude in connection with the exact watershed transform.
Especially, the earth mover distance, being quite expensive with respect to the computation time

needed, does not lead to better segmentations within our setting.

5.2 Future Work

Primarily, possible extension and modifications for future work can be done for all aspects of the

basic segmentation scheme, i.e.

1| for the initial segmentation step,
2| for the edge and vertex weights,
3| for the graph cut used, and

4] for the stopping criterion.

For the rest of this work we would like to be more specific on these aspects.

1 Initial Segmentations As the segmentation scheme does not depend on a specific selection
for the initial segmentation step all kinds of methods available can be used for it. It is even
possible to add a further processing step to the segmentation scheme, e.g. reuse its outcome as
the initial segmentation for further improving the segmentation. For example for the watershed
segmentation one could try to first remove a certain amount of the over-segmentation in order

to get more expressive edge weights from the coarser segmentation.

2 Edge and Vertex Weights Unfortunately, we were not able to investigate two kinds of edge
weights from which we think that they could improve the quality of the final segmentations:
Texture and geometry related edge weights.

The earth mover distance, which we used as the most complex similarity measure, only analyzes
the distribution of the colors contained in a region of the initial segmentation. Texture based
measures can be used to also incorporate the spatial distribution of the pixel elements.

Geometry based similarity measures are especially interesting in connection with the exact
watershed transform. Observing the image in figure 5.1 it is easy for a human observer to

identify prominent object boundaries although there is no color information available but only
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the exact watersheds. Measures rating the geometrical saliency of polygonal arcs have already
been discussed in the literature many times; an overview being also in the context of exact
watersheds can be found in [MEINE 2008, Chapter 5, p. 129 et seqq|. To be usable for the graph
cuts discussed here the saliency of each edge of a partition of the plane must be computed
in advance and therefore cannot be a complex function of all edges being contained in a cut.
However, this would be desirable for geometrical measures, e.g. the curvature of the common
boundary. If it is nevertheless possible to define appropriate saliency measures usable for graph
cuts would be an interesting object for future work. We also discuss in brevity an extension of

a graph cut method below which allows to overcome this limitation.
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Figure 5.1: Ezample for geometrical saliency of watershed boundaries; prominent boundaries immedi-
ately “pop-out” to a human observer (example is based on [MEINE 2008, Chapter 5, p. 129 et seqq])

As a further extension, one can also combine all kinds of different edges weights into a single
edge weight function. Especially, one can combine feature and geometry based weights in order
to improve their discrepancy power. The importance of each different edge weight could than be

adjusted with appropriate selected scaling factors.

For the graph cuts using a vertex weight function, i.e. the foreground, the isoperimetric, and
the normalized cut, we found that using the weighted degree for this can be problematic. In

order to overcome this problem further work on choosing other vertex weight functions is needed.

3 Graph Cuts Although, an extensive search in the present literature has been our intention
there are certainly other publications on normalized graph cuts related clustering methods which
we have not found but could also be used in our segmentation scheme. Moreover, we have found
two other cuts from which we think that they are worth to be investigated but we were not able
to include due to time constraints: The work of KEUCHEL [2004]|; KEUCHEL et al. [2003], and
an extension of the mean cut presented in [WANG et al. 2005].
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KEUCHEL et al. used techniques from semi definite programming to solve the minimum cut
problem with additional balancing constraints. The usefulness of this approach has been demon-
strated among others within the tasks of binary image restoration, line grouping, and image
segmentation. Using balancing constraints on the resulting components, e.g. constraints on the
size or total vertex weight, of a bi-partition is an alternative way to overcome the bias of the
minimum cut to small regions. If it is possible to increase the quality of our segmentations this

way would be an interesting question to be investigated.

WANG et al. [2005] show how the minimum mean cut algorithm (as presented in section 3.5)
can be used to connect line segments produced by an edge detector into globally optimal contours.

The corresponding energy function has a similar form as with the minimum mean cut:

> cccwi(e) +we(e)
ZEEC wQ(e)

where C' is a set of edges forming a cycle. The edge weight functions wy and wy can only be

w(C) = (5.1)

simple functions mapping each edge to a beforehand selected weight as it is the case with all edge
weight functions used in this work. However, weo can be a more complex edge weight function
whose function value for an edge e also depends on the two edges preceding and succeeding e in

the cycle C. More precisely, for C' = (ey, ..., e,) it can have the form

we(ei) = fei—imodn, €i) + f(€i, €it1modn) (5.2)

with f being an arbitrary function defined on pairs of edges. Instead of deriving a region
adjacency graph from a partition of the plane P one can construct a boundary graph encoding
the topology of the vertices and edges in P (that is, P is an embedding of the boundary graph,
see definition 21). The idea is that a cycle optimizing equation (5.2) then forms a perceptually
appealing bi-partition as with the graph cuts if the edge weights are defined appropriately. The
usefulness of this becomes clear if one likes to incorporate geometric saliency into the energy
function: The edge weight functions w; and ws can be defined analogously as with the minimum
mean cut, i.e. wy can be a function of the pairwise similarity of faces sharing an edge in P and
wg can be function of the length of this common edge. For we, f can be a function mapping

pairs of edges to a high value if they are good continuation from each other in a geometric sense.

Additionally, we have already mentioned some other possible aspects for further work before:
In section 3.6 we used a simple heuristic for the seed selection for the foreground cut problem.
The impact on the optimality can be investigated by trying each vertex of the region adjacency
graph in turn and by comparing the best bi-partition with the one gained from the heuristic.
In section 3.6 we mentioned the optimal algorithm for the isoperimetric cut problem of PARK
and PHILLIPS [1993] for planar graphs. The algorithm is not used here as we think that it is
too laborious to implement and too expensive for the graph sizes encounter here. At least a

comparative study on how close the approximation scheme of GRADY and SCHWARTZ [2006q] is
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to the optimal solution would be possible with this algorithm nevertheless.

4 Stopping criteria Finally we would like to mention possible modification on the stopping
criterion for the recursive application of the graph cuts. The quality of the final segmentations
also depends on the selection of the stop parameter which is used as an upper bound for the
cut values and therefore stops the recursion. Alternatively, one could use the stop parameter
on different similarity measures defined on the components of a cut. For this one could use all
kinds of measures ranging from measures incorporating all pixels in the both components over
measures using histograms or signatures derived from the pixels to statistical tests which are
only defined on the mean and variance of the color values. As a possible advantage, one could

try to overcome the problem of some cuts to produce shortcuts in this way (cf. section 4.4).
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A Evaluation

Results
Jé] stop
cut mean shift averGrad 105 4.37-1072
colorMean 155 1.98-1072
EMD 105 0.11
watersheds averGrad 145 2.47-1072
colorMean 135 2.59-102
EMD 105 7.84-1072
mcut mean shift averGrad 31 0.23
colorMean 31 0.37
EMD 31 0.47
watersheds averGrad 16  0.36
colorMean 36  0.17
EMD 36 0.14
fcut  mean shift averGrad 65  9.99 - 102
colorMean 65  5.36-1072
EMD 55  2.96-1072
watersheds averGrad 45 2.59-1073
colorMean 95  4.81-10~*
EMD 85 6.55-10~*
icut mean shift averGrad 35 0.3
colorMean 45  4.99.1072
EMD 75 4.57-1072
watersheds averGrad 65  6.02-1073
colorMean 95  7.86-10~*
EMD 75 2.17-1073
ncut mean shift averGrad 55 0.35
colorMean 65 0.14
EMD 65 7.26 1072
watersheds averGrad 25  1.34-1072
colorMean 135 5.95-107*
EMD 115 6.26-107*

Table A.1: Parameters found by cross validation for each instance if the basic segmentation scheme.
The parameter (3 is the scaling factor for the edge weights and stop is stop parameter for the recursion.

A.1 Statistics
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Figure A.1: FEach plot shows for a certain instance of the segmentation scheme the mapping of a scaling
parameter 3 for the edge weights (z axis) to the mean of the NPR-indexes over all images (y axis) found
by optimal parameter search for 3; here for the minimum cut and mean cut.
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Figure A.2: FEach plot shows for a certain instance of the segmentation scheme the mapping of a scaling
parameter 3 for the edge weights (z axis) to the mean of the NPR-indexes over all images (y axis) found
by optimal parameter search for B3; here for the foreground, isoperimetric, and normalized cut.
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Figure A.3: Histograms and simple statistics of the NPR indexes for the watershed transform and the
mean shift method.
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Figure A.4: Histograms for the NPR scores for the minimum cut and the mean cut. The first two rows
are the histograms of the best NPR score for each image: minimum cut (first row) and mean cut (second
row). The remaining rows are the histograms for the best parameter from cross-validation: minimum cut
(third row) and mean cut (fourth row).
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Figure A.5: Histograms for the NPR scores for the foreground cut (first row), the isoperimetric cut
(second row), and the normalized cut (third row). The first three rows are the histograms of the best
NPR score for each image; the remaining rows are the histograms for the best parameter from cross-

validation.
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mean variance maximum minimum segs
(watersheds) best  cross best cross  best cross best cross %
averGrad 0.58 0.44 3.89e—2 8.34e—2 096 095 0.11 —-0.43 55.99
colorMean 0.63 0.49 3.60e—2 8.53e—2 0.97 097 0.12 -0.42 25.59
EMD 0.61 0.50 3.80e—2 7.04e—2 097 097 0.12 -0.32 3043
(mean shift)
averGrad 0.63 0.50 3.67e—2 7.74e—2 098 094 0.12 —-0.32 85.41
colorMean 0.63 0.52 3.42¢e—2 7.34e—2 098 098 0.18 —0.32 76.59
EMD 062 0.52 3.50e—2 7.16e—2 098 098 0.22 -0.31 81.86
mean variance maximum minimum segs
(watersheds) best  cross best Cross best cross best cross %
averGrad 0.65 0.47 3.00e—2 0.12 098 097 026 —1.24 10.16
colorMean 0.67 0.53 3.10e—2 7.29¢e—2 0.98 098 0.25 —0.31 13.67
EMD 066 0.55 3.29¢e—2 6.73e—2 098 098 0.12 -0.30 11.67
(mean shift)
averGrad 0.66 0.53 2.99e—2 8.42¢e—2 0.98 098 021 —-0.63 37.22
colorMean 0.66 0.53 3.08e—2 7.03e—2 0.98 098 0.26 —0.30 43.17
EMD 0.65 0.52 3.00e—2 6.78¢—2 0.98 098 0.22 -0.30 46.47
mean variance maximum minimum segs
(watersheds) best  cross best Cross best cross best cross %
averGrad 0.63 0.47 2.8le-2 8.37¢e—2 098 097 0.12 -0.80 0.70
colorMean 0.68 0.52 2.62e—2 7.02¢—2 0.98 098 0.20 -0.58 1.70
EMD 0.66 0.52 2.98e—2 7.37e—2 098 098 020 -0.58 1.32
(mean shift)
averGrad 0.67 0.50 2.55e—2 7.48e—2 098 098 029 -0.35 5091
colorMean 0.66 0.52 3.06e—2 7.02¢e—2 0.98 098 0.21 —0.28 13.42
EMD 0.65 0.51 2.99e-2 7.27e-2 098 096 0.20 -0.26 10.20
mean variance maximum minimum segs
(watersheds) best cross best cross  best cross best cross %
averGrad 0.62 0.46 3.22¢—2 6.37e—2 098 096 0.01 -0.32 1.09
colorMean 0.68 0.54 2.79e—2 7.80e—2 098 097 0.15 —0.43 1.63
EMD 066 0.52 3.24e—2 7.97e—2 098 097 0.19 -0.58 1.39
(mean shift)
averGrad 0.66 0.50 2.87¢—2 7.40e—2 0.98 098 0.25 —0.39 16.43
colorMean 0.66 0.51 3.03e—2 7.27e—2 0.98 098 0.20 —-0.38 8.59
EMD 065 0.51 3.35e—2 6.58¢e—2 098 098 0.16 -0.27 10.93
mean variance maximum minimum segs
(watersheds) best cross best cross  best cross best cross %
averGrad 0.62 0.48 3.6le—2 5.13e—2 098 098 0.01 -0.21 0.79
colorMean 0.67 0.54 3.3le—2 6.87e—2 098 097 0.13 -0.33 1.96
EMD 0.67 0.54 3.11e-2 7.07e—2 098 096 0.19 —0.58 1.04
(mean shift)
averGrad 0.66 0.51 2.8le—2 7.39e—2 098 096 0.24 -0.38 4.03
colorMean 0.67 0.51 3.04e—2 6.7le—2 0.98 094 020 —-0.30 9.27
EMD 0.66 0.51 3.10e—2 6.50e—2 0.98 098 0.22 —-0.27 5.89

Table A.2: Various basic statistics of the evaluation results for the the foreground cut, the isoperimetric

cut, and the normalized cut.

108




APPENDIX A. EVALUATION RESULTS A.2. COMPARISONS

A.2 Comparisons

The following tables compare the mean NPR~indexes of instances of ® p-value < 0.05

the basic segmentation scheme. Additionally, for each comparison of O p-value > 0.05

two instances we also use two statistical tests on the NPR indexes in
order to see if the difference are actually significant. For this we use the paired t-test and its
nonparametric counterpart, the WILCOXON signed rank tests (see for example [MEINTRUP and
SCHAFFLE 2005]). For the significant level we use the standard value oo = 0.05.

mean mean p.ttest wilcoxon mean mean p.ttest wilcoxon
cut 0.504 > 0.444 @ 0.001 @ 0.000 cut 0.518 > 0.493 ©0.094 O 0.143
mcut 0.529 > 0.469 @ 0.031 @ 0.018 mcut 0.526 < 0.528 O 0.881 O 0.635
fcut  0.520 > 0.463 @ 0.011 @ 0.044 fcut 0.514 < 0.541 O 0.080 @ 0.047
icut 0.502 > 0.462 @ 0.007 @ 0.045 icut  0.509 < 0.536 O 0.214 O 0.582
ncut 0.510 > 0.482 O 0.129 O 0.460 ncut 0.508 < 0.537 © 0.078 @ 0.003

(a) averGrad (b) colorMean

mean mean p.ttest wilcoxon
cut 0.518 > 0.504 O 0.368 @ 0.006
mcut 0.524 < 0.546 O 0.094 @ 0.005
fcut  0.513 < 0.540 O 0.104 © 0.481
icut 0.510 < 0.517 ©0.782 @ 0.018
ncut 0.515 < 0.541 O 0.252 @ 0.004

(c) EMD
Table A.3: Comparison of mean NPR scores for two different initial segmentations steps for all cuts

with results from the paired t-test and the WILCOXON signed rank test if the differences in the distributions
is significant.
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mean p.ttest wilcoxon p.ttest wilcoxon p.ttest wilcoxon
mcut 0.529 O o o] o ® 0.035 @ 0.000
fcut 0.520 O 0.681 ® 0.036 O 0.681 ® 0.036 ® 0.000 ® 0.000
ncut 0.510 ©0.371 @ 0.021 @ 0.012 ® 0.000 @ 0.000 ® 0.000
cut 0.504 ©0.126 @ 0.002 © 0.672 0 0.134 0O 0.097 @ 0.000
icut 0.502 0 0.214 @ 0.004 O 0.845 O 1.000 @ 0.001 ® 0.000

(a) mean shift + averGrad

mean p.ttest wilcoxon p.ttest wilcoxon p.ttest wilcoxon
mcut 0.526 O o o o ® 0.000 @ 0.000
cut 0.518 ©0.130 @ 0.000 © 0.130 ® 0.000 @ 0.001 @ 0.000
fcut 0.514 0 0.289 O 0.764 O 0.773 ® 0.036 ® 0.008 ® 0.000
icut 0.509 O 0.360 @ 0.000 © 0.732 @ 0.000 © 0.158 @ 0.000
ncut 0.508 O 0.072 @ 0.021 © 0.931 @ 0.000 @ 0.007 @ 0.000

(b) mean shift + colorMean

mean p.ttest wilcoxon p.ttest wilcoxon p.ttest wilcoxon
mcut 0.524 O o o o ® 0.000 ® 0.000
cut 0.518 ©0.608 ©0.920 ©0.608 ©0.920 @ 0.012 ® 0.000
ncut 0.515 O 0.478 @ 0.002 O 0.841 ® 0.012 @ 0.038 ® 0.000
fcut 0.513 O 0.427 @ 0.007 O 0.878 @ 0.007 O 0.068 ® 0.000
icut 0.510 O 0.327 @ 0.036 O 0.882 O 0.057 © 0.069 @ 0.000

(c) mean shift + EMD

mean p.ttest wilcoxon p.ttest wilcoxon p.ttest wilcoxon
ncut 0.482 O o e} o ® 0.000 ® 0.000
mcut 0.469 O 0.695 O 1.000 © 0.695 O 1.000 @ 0.000 ® 0.000
fcut 0.463 O 0.250 ©0.920 O 0.837 O 0.764 @ 0.000 ® 0.000
icut 0.462 O 0.117 @ 0.002 © 0.951 @ 0.036 @ 0.000 ® 0.000
cut 0.444 O 0.084 @ 0.001 © 0.283 ® 0.000 ® 0.000 ® 0.000

(d) watersheds + averGrad

mean p.ttest wilcoxon p.ttest wilcoxon p.ttest wilcoxon
fcut 0.541 O o o o ® 0.000 ® 0.000
ncut 0.537 O 0.693 © 0.089 © 0.693 © 0.089 @ 0.000 @ 0.000
icut 0.536 O 0.522 0 0.920 O 0.956 @ 0.036 @ 0.000 @ 0.000
mcut 0.528 O 0.241 ® 0.004 O 0.506 ® 0.007 @ 0.000 ® 0.000
cut 0.493 @ 0.001 @ 0.000 @ 0.007 @ 0.000 @ 0.000 @ 0.000

(e) watersheds + colorMean

mean p.ttest wilcoxon p.ttest wilcoxon p.ttest wilcoxon
mcut 0.546 O o o ) ® 0.000 ® 0.000
ncut 0.541 O00.764 ©0.134 O 0.764 0 0.134 @ 0.000 ® 0.000
fcut 0.540 O 0.555 O 1.000 © 0.938 @ 0.036 @ 0.000 ® 0.000
icut 0.517 0 0.145 ©0.484 ©0.225 0 0.764 @ 0.000 ® 0.000
cut 0.504 @ 0.000 ® 0.000 O 0.527 ® 0.000 ® 0.000 ® 0.000

(f) watersheds + EMD

Table A.4: Ranking of the different cut types for possible combinations of initial segmentation step and
edge weight function.
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mean shift watersheds
mean mean p.ttest wilcoxon mean mean p.ttest wilcoxon
averGrad/colorMean 0.504 < 0.518 © 0.220 O 0.057 0.444 0.493 @ 0.020 @ 0.000
averGrad/EMD 0.504 < 0.518 00.373 O 0.089 0.444 0.504 @ 0.001 @ 0.000
colorMean/EMD 0.518 < 0.518 0 0.969 © 0.134 0.493 0.504 O 0.265 O 0.484
(a) foreground cut (fut)
mean shift watersheds
mean mean p.ttest wilcoxon mean mean p.ttest wilcoxon
averGrad/colorMean 0.529 > 0.526 O 0.902 @ 0.036 0.469 0.528 @ 0.034 O 0.764
averGrad/EMD 0.529 > 0.524 0 0.833 © 0.089 0.469 0.546 @ 0.007 © 0.134
colorMean/EMD 0.526 > 0.524 O 0.738 @ 0.000 0.528 0.546 ® 0.014 @ 0.000
(b) foreground cut (fut)
mean shift watersheds
mean mean p.ttest wilcoxon mean mean p.ttest wilcoxon
averGrad/colorMean 0.520 > 0.514 O 0.524 @ 0.000 0.463 0.541 ® 0.000 ® 0.000
averGrad/EMD 0.520 > 0.513 0 0.610 ® 0.021 0.463 0.540 @ 0.000 @ 0.000
colorMean/EMD 0.514 > 0.513 00.891 © 0.194 0.541 0.540 O 0.835 O 0.617
(c) foreground cut (fut)
mean shift watersheds
mean mean p.ttest wilcoxon mean mean p.ttest wilcoxon
averGrad/colorMean 0.502 < 0.509 O 0.660 @ 0.000 0.462 0.536 @ 0.000 @ 0.000
averGrad/EMD 0.502 < 0.510 0 0.530 @ 0.000 0.462 0.517 @ 0.001 @ 0.000
colorMean/EMD 0.509 < 0.510 0 0.952 @ 0.000 0.536 0.517 0 0.337 O 0.617
(d) isoperimetric cut (icut)
mean shift watersheds
mean mean p.ttest wilcoxon mean mean p.ttest wilcoxon
averGrad/colorMean 0.510 > 0.508 O 0.834 @ 0.000 0.482 < 0.537 @ 0.003 O 0.057
averGrad/EMD 0.510 < 0.515 ©0.736 @ 0.000 0.482 < 0.541 @ 0.000 @ 0.000
colorMean/EMD 0.508 < 0.515 © 0.549 @ 0.000 0.537 < 0.541 O 0.834 @ 0.036

(e) normalized cut (ncut)

Table A.5: Comparison of mean NPR scores for different edge weight types for the foreground, the
isoperimetric and the normalized cut with results from the paired t-test and the WILCOXON signed rank
test if the differences in the distributions is significant.
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A.3 Segmentations

We give on the following pages segmentation results for the instances of the basic segmentation
scheme for a hand chosen set of images. We give first three images with the watershed transform
as initial segmentation step and then three images with the mean shift method. We also present
the ground truth data from the BERKELEY Image Database. For this we superimpose the ground
truth data from all subjects for one image. The corresponding NPR-indexes are presented as

well.
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(g) 1soperimetric cut (h) normalized cut

image-id: 97017; watersheds and colorMean
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(g) isoperimetric cut (h) normalized cut

image-id: 97017; watersheds and EMD
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(d) minimum cut

(e) mean cut
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(g) isoperimetric cut (h) normalized cut

image-id: 97017; watersheds and averGrad
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(g) isoperimetric cut (h) normalized cut

image-id: 197017; watersheds and colorMean
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(g) isoperimetric cut (h) normalized cut

image-id: 197017; watersheds and EMD
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(g) isoperimetric cut (h) normalized cut

image-id: 197017; watersheds and averGrad
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(g) isoperimetric cut (h) normalized cut

image-id: 100075; watersheds and colorMean
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(g) isoperimetric cut (h) normalized cut

image-id: 100075; watersheds and EMD
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(g) isoperimetric cut (h) normalized cut

image-id: 100075; watersheds and averGrad
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(a) original image (b) ground truth

(g) isoperimetric cut (h) normalized cut

image-id: 118085; mean shift and colorMean
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(e) mean cut (f) foreground cut

(g) isoperimetric cut (h) normalized cut

image-id: 118035; mean shift and EMD
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(g) isoperimetric cut (h) normalized cut

image-id: 118035; mean shift and averGrad
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(e) mean cut (f) foreground cut

(g) isoperimetric cut (h) normalized cut

image-id: 145086; mean shift and colorMean
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(g) isoperimetric cut (h) normalized cut

image-id: 145086; mean shift and EMD
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(g) isoperimetric cut (h) normalized cut

image-id: 145086; mean shift and averGrad
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(a) original image (b) ground truth

(c) mean shift segmentation (d) minimum cut

(e) mean cut (f) foreground cut

(g) isoperimetric cut (h) normalized cut

image-id: 295087; mean shift and colorMean
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(d) minimum cut

(e) mean cut (f) foreground cut

(g) isoperimetric cut (h) normalized cut

image-id: 295087; mean shift and EMD
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(d) minimum cut

(e) mean cut (f) foreground cut

(g) isoperimetric cut (h) normalized cut

image-id: 295087; mean shift and averGrad
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