
Riesz-T ransforms vs. Deriv ativ es:
On the Relationship Bet ween the Boundary

Tensor and the Energy Tensor

Ullric h K•othe1 and Michael Felsberg2?

1 Cognitiv e SystemsGroup, Univ ersity of Hamburg
koethe@informatik.uni-ham burg.de

2 Computer Vision Laboratory, Link•oping Univ ersity
mfe@isy.liu.se

Abstract. Traditionally , quadrature �lters and derivativ es have been
consideredas alternativ e approaches to low-level image analysis. In this
paper we show that there actually exist close connections: We de�ne
the quadrature-based boundary tensor and the derivativ e-basedgradient
energy tensor which exhibit very similar behavior. We analysethe reason
for this and determine how to minimize the di�erence. These insights
lead to a simple and very e�cien t integrated feature detection algorithm.

1 In tro duction

Imagefeaturessuch asedgesand cornerscan be detectedby analysing the image
in the neighborhood of every (candidate) point. A compact representation of
the low-order characteristics of these neighborhoods is given by the �rst few
derivativesat every point (the n-jet [9]). Numerousfeature descriptorsfor edges,
lines, blobs, cornersand soon have beende�ned by various combinations of low-
order derivatives (seee.g. [5,12]). However, these descriptors are usually only
valid for a singlefeature type, and giveno or wrong responsesat points wherethe
underlying feature model is violated. Improvements can be achieved by moving
from scalarfeature descriptorsto tensor basedones.Secondorder tensorscannot
only represent featurestrength, but alsoallow to distinguish betweenintrinsically
1- and 2-dimensional features (edgesvs. corners) and measureorientation.

The most commonderivative-basedtensor is the structure tensor [1,6] which
is obtained by spatial averagingof the outer product of the gradient. It can rep-
resent step edgesand their corners/junctions but is lesssuitable for the detection
of lines and other secondorder features. All these feature typesare covered by
the energy tensor [3], which includes higher order derivatives(details below).

A di�eren t approach to feature detection is taken by the quadrature �lter
method [7,8] where derivativesare replacedwith �lters that are related to each
other by the Hilb ert transform. Theseoperators react, by design,uniformely to
both edgesand lines. This property is called phaseinvariancebecauseedgesand
lines can be interpreted as arising from the samemagnitude spectrum, but at
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di�eren t (namely odd and even) phase. In 2D it is commonto apply a number of
1D quadrature �lters at di�eren t orientations. The �lter responsescan then be
combined into an orientation tensor [8]. However, the orientation tensor reacts
in a well-de�ned way only to 1-dimensional features. This probem is solved by
meansof the boundary tensor [10], which usestruly 2-dimensional quadrature
�lters to also model certain 2D feature types(details also given below).

When we experimented with both the energy and the boundary tensors,we
observed a striking similarit y of their behavior { qualitativ ely, their results are
almost indistinguishable. This paper is devoted to a more detailed analysis of
the relationship of the two approaches. We pursue this analysis on three levels:
First, we establish a formal similarit y between the derivative and quadrature
�lter methods by basing the latter on (�rst and secondorder) Riesz transform
operators [2] which closelyresemble derivatives. Second,we show that the spec-
tral properties of the two tensorsare very similar when optimal scalesratios are
chosen. Third, we report on experiments illustrating the similarit y in practice.

2 Tensor De�nitions

The structure tensor is the most common derivative basedtensor. It is de�ned
as the spatial averageof the outer product of the gradient r f with itself [1,6]:

S = g ? (r f )( r f )T (1)

whereg is a smoothing �lter (usually Gaussian),f the original image,and deriva-
tiv esare always understood to operate at a particular scale. For the purposeof
our analysis, it is advantegousto approximate the gradient with a taylor series:

r f (x) � r f
�
�
x = x 0

+ rr T f
�
�
x = x 0

(x � x0) (2)

where rr T f = H f is the Hessian matrix. Inserting this into (1), we can
executethe convolution analytically. If g is radially symmetric, the odd powers
of x cancelout, whereasthe even onesgive a constant. We get:

S � (r f )( r f )T + � (H f )(H f )T (3)

where the parameter � depends on g's shape and scale. This operator is very
good at detecting step edgesand their corners, but often shows multi-mo dal
or no responsesat second-orderfeatures such as line edgesand junctions. By
adjusting � , the behavior canbe somewhatimproved,but it is usually impossible
to �nd a � that works equally well on the entire image.

A richer signal model can be employed with the energy tensor [3]:

E = (r b)(r b)T � b(Hb) (4)

where b is the signal to be analyzed. This is structurally similar to (3), but the
squareof the Hessianhasbeenreplacedwith the negativeproduct of the function
b and its Hessian.We'll show later that the energytensor achievesbetter feature



detection results when di�eren t scalesare usedfor di�eren t derivative orders. In
a strict sense,the name\energy tensor" may not be justi�ed becauseE is not in
generalpositive semi-de�nite. But it has this property under certain conditions
and degradesgracefully if theseconditions are slightly violated (cf. �gure 4, see
[4] for an in-depth discussionof this issue). In imageanalysis, the energytensor
cannot be usedin its pure form, becauseimagesare not DC free, so the energy
would be dominated by the DC magnitude (average gray level) if b were the
image f itself. Instead one computes E from a bandpass�ltered version of the
image,for exampleonede�nes b = r T r g?f when the bandpassis the Laplacian
of Gaussian. Since the Laplacian is a secondorder derivative, E is e�ectiv ely
calculated from second,third and fourth order derivatives.

Unfortunately , this meansthat the important �rst order image structure is
not consideredat all. Therefore, we developed a variant called gradient energy
tensor, or GET operator [4]. Here, b = r g ? f , so b is the Gaussiangradient
vector. The gradient of b is then the Hessianof f , whereasthe Hessianof b gives
a third order tensor. Since the energy tensor is only a secondorder tensor, two
indices of this third order tensor are immediately contracted, giving:

(T f ) i =
NX

j =1

@3f
@x i @x2

j
= r (r T r f ) i.e. in 2D: T f =

�
f xxx + f xy y

f xxy + f yyy

�
(5)

(N is the spacedimension). T f is equivalent to the gradient of the Laplacian
of f , as can be seenby switching the order of di�eren tiation and contraction.
Sincethe outer product of two di�eren t tensorsis not commutativ e, the gradient
energy tensor must be symmetrized. This results in the following de�nition:

G = G even + G odd = (H f )(H f )T �
1
2

�
(r f )(T f )T + (T f )( r f )T �

(6)

The boundary tensor was intro duced in [10] using circular harmonics. Here we
baseits de�nition on the Riesz transform [2] to emphasizethe formal similarit y
of quadrature �lters to derivatives. The Riesz transform is the N -dimensional
generalization of the Hilb ert transform. It is de�ned in the Fourier domain as:

R c s �
� u
juj

(7)

where u is the frequencyvector. Sincethe derivative is de�ned as r c s �
�

u,
the two operators di�er only by a factor of juj in the Fourier domain. The di�er-
encebecomesclearer in polar coordinates whereR c s�

�

(cos(� ); sin(� ))T and
r c s �

�

� (cos(� ); sin(� ))T . Both operators have the sameangular behavior.
But the derivative operator also acts as a high-pass �lter, whereas the Riesz
transform leaves the radial shape of the spectrum unaltered. This property is
responsible for the desirablephaseinvariance of the boundary tensor.

The spatial domain Riesztransform operator decays only asO(jx j � N ), where
N is the spacedimension. Therefore oneappliesRiesztransforms to a bandpass
�ltered version b of the image f . The boundary tensor is then de�ned as

B = B even + B odd = (Qb)(Qb)T + (Rb)(Rb)T (8)



whereQ = RR T denotesthe secondorder Riesztransform resulting in a matrix
analogousto the Hessian(In contrast to the 1D Hilb ert transform, which repro-
ducesthe negatedoriginal signal if applied twice, higher order Riesztransforms
are useful becausethey create tensorswhen N � 2). Eq. (8) is formally equiva-
lent to (3) when we set � = 1 and replacederivativeswith Riesz transforms. It
should also be noted that the boundary tensor is always positive semi-de�nite
by construction. Various bandpass�lters can be used to obtain b. In [10], we
usedjuj exp(�j uj2� 2=2), but in this paper we choosethe Laplacian of Gaussian
juj2 exp(�j uj2� 2=2) becausethis allows us to establish a very strong functional
relationship betweenthe gradient energy tensor (6) and the boundary tensor.

3 Analysis of the Tensors

In order to analyse the behavior of the tensors, it is bene�cial to expressthe
convolution operation explicitly with integrals. For simplicit y, we assumethat
the coordinate origin is at the center of the current window. Due to Parseval's
theoremwecan then expressthe integral in either the spatial or Fourier domains.
We must only take into account that the kernels are re
ected in the spatial
domain expressions,which has no e�ect for even kernels but requires a sign-
change for odd kernels. Since we are always taking products of two odd �lter
responses,this sign alsocancelsout. Using the Laplacian of Gaussianbandpass,
the boundary tensor components can be expressedin the Fourier domain as

B ij =
Z

� u i uk e�j u j 2 � 2 =2F (u) du
Z

� u j uk e�j u j 2 � 2 =2F (u) du

+
Z

�
�

u i juje�j u j 2 � 2 =2F (u) du
Z

�
�

u j juje�j u j 2 � 2 =2F (u) du (9)

whereF (u) is the imagespectrum, and we useEinstein's summation convention
(for index k). The components of the gradient energy tensor are

G ij =
Z

� u i uk e�j u j 2 � 2
2 =2F (u) du

Z
� u j uk e�j u j 2 � 2

2 =2F (u) du

�
1
2

� Z
�

�

u i e�j u j 2 � 2
1 =2F (u) du

Z
�

u j uk uk e�j u j 2 � 2
3 =2F (u) du

+
Z

�
�

u j e�j u j 2 � 2
1 =2F (u) du

Z
�

u i uk uk e�j u j 2 � 2
3 =2F (u) du

�
(10)

where we allow the derivativesof di�eren t order to be applied at di�eren t scales
� 1; � 2; � 3. If we equate � and � 2, the even parts of B and G becomeequal, so
we will require this from now on. We analyseat �rst how the two tensors react
to intrinsically 1-dimensional images,that is when F (u) = F (tn) holds along a
particular direction n, and F (u) = 0 otherwise. Then the u i reduceto n i t, and
the 2D integrals become1D ones. The even part of both tensors is:

B even
ij = G even

ij = n i n j

� Z
t2e� t 2 � 2

2 =2< (F (t)) dt
� 2

(11)



and the odd parts are:

B odd
ij = n i n j

� Z
�

�

t jt je� t 2 � 2
2 =2 �

= (F (t)) dt
� 2

(12)

G odd
ij = � n i n j

Z
�

�

t e� t 2 � 2
1 =2 �

= (F (t)) dt
Z

�

t3e� t 2 � 2
3 =2 �

= (F (t)) dt (13)

wherewetook advantageof the fact that the spectra of real signalshaveevenreal
and odd imaginary components. It can be seenthat B is indeed a quadrature
�lter: The kernels of the even and odd tensor parts are related by the Hilb ert
transform �

�

sign(t). Thus, if weshift the signalphaseby � =2 (i.e. if weswap real
and imaginary signal components, with the appropriate adjustment of spectrum
symmetries), even and odd tensor parts are simply exchanged, but their sum
remains unaltered. This is precisely the requirement of phaseinvariance. That
requirement is not ful�lled by the GET operator: It has the sameeven part as
the boundary tensor, but the odd parts di�er. Detailed analysisof the odd parts
reveals that the di�erence can actually be made very small. Consider at �rst a
simple sine signal, i.e. F (t) =

� a
2 (� (t � ! a) � � (t + ! a)). We get

B odd
ij = n i n j a2! 4

a e� ! 2
a � 2

2

G odd
ij = n i n j a2! 4

a e� ! 2
a ( � 2

1 + � 2
3 )=2

Theseexpressionsare equal when � 2
2 = (� 2

1 + � 2
3 )=2 which we will require from

now on. A more complicated caseis the superposition of two sine wavesF (t) =
� a

2 (� (t � ! a) � � (t + ! a)) +
� b

2 (� (t � ! b) � � (t + ! b)). Then we get

B odd
ij = n i n j

�
a ! 2

ae� ! 2
a � 2

2 =2 + b! 2
be� ! 2

b � 2
2 =2

� 2

G odd
ij = B odd

ij + n i n j a b! a! b

�
! ae� ( ! 2

a � 2
3 + ! 2

b � 2
1 )=4 � ! be� ( ! 2

a � 2
1 + ! 2

b � 2
3 )=4

� 2

The eigenvalue of B odd (which we obtain by simply dropping n i n j ) is always
positive, as required for a signal energy. However, the eigenvalue of G odd can
becomenegative if a and b have opposite signs,i.e. if the two sineshave opposite
phase. This counters the intuition that the energy tensor G indeed represents
signal energy. However, due to the statistical properties of natural imagesthe
situation is not sobad in practice: High energyin the derivativestypically occurs
at object boundaries (edgesand corners/junctions). At these points the signal
components havethe samephaseover many frequencies(phasecongruency, [11]).
Then the error term in G is positive, and the measuredenergybecomestoo large
rather than too small. Negative energy typically occurs only in 
at, but noisy
areas,where it is safeto simply truncate negative eigenvaluesto zero.

In addition, we can try to adjust the ratio � 3=� 1 sothat the magnitude of the
error term becomesassmall aspossible. It is necessaryto usea scale-normalized
error measure,becauseone could otherwise make the error arbitrarily small by
taking � 3 ! 1 . The natural scalenormalization for the Laplacian of Gaussian



is � 2
2 [= (� 2

1 + � 2
3 )=2] [12], so that B has to be multiplied with � 4

2 . To make
the responseof G comparable, we normalize it with the samefactor. Then we
integrate over ! a and ! b to calculate the averageerror over all frequencypairs:

� =
(� 2

1 + � 2
3 )2

4

ZZ
! a! b

�
! ae� ( ! 2

a � 2
3 + ! 2

b � 2
1 )=4 � ! be� ( ! 2

a � 2
1 + ! 2

b � 2
3 )=4

� 2
d! a d! b

=
1
� 2

1
+

2
� 2

3
+

� 2
1

� 4
3

�
2�

� 2
1 + � 2

3
(14)

(we dropped the factor n i n j a b not depending on the ratio). The error is mini-
mized for � 3=� 1 = 1=

p
� 1=3 � 1 � 1:47. It is interesting to comparethe optimal

error with the error obtained for other ratios: If � 1 = � 2 = � 3, the error becomes
more than 5 times asbig! If � 3=� 1 =

p
3 and � 2=� 1 =

p
2 (which meansthat the

same�rst derivative �lter is applied repeatedly for the higher order derivatives,
resulting in a very e�cien t algorithm), the error is only 36% bigger.

Another possibility to �nd an optimal scale ratio is to start directly from
(12) and (13). We transform the products of integrals in these equations into
2-dimensional integrals over the product of the integrands. Then we interpret
terms not depending on the signal spectrum as quadratic �lter kernels[13]:

� Z
�

�

t jt j e� t 2 � 2
2 =2F (t) dt

� 2

= �
ZZ

B (t1; t2)F (t1)F (t2) dt1 dt2

Z
�

�

t e� t 2 � 2
1 =2F (t) dt

Z
�

t3e� t 2 � 2
3 =2F (t) dt

=
ZZ

G(t1; t2)F (t1)F (t2) dt1 dt2

with (note that G is symmetric due to the symmetrization of G)

B (t1; t2) = t1t2 jt1t2j e� ( t 2
1 + t 2

2 ) � 2
2 =2 (15)

G(t1; t2) =
1
2

�
t1 t3

2 e� ( t 2
1 � 2

1 + t 2
2 � 2

3 )=2 + t3
1 t2 e� ( t 2

1 � 2
3 + t 2

2 � 2
1 )=2

�
(16)

We choosethe ratio � 3=� 1 so that the scale-normalizedmeansquareddi�erence
betweenthe two kernels is minimized:

� 2 = � 8
2

ZZ
(B (t1; t2) � G(t1; t2))2 dt1 dt2 (17)

The minimum is achieved for � 3=� 1 � 1:55. The choice� 1 = � 2 = � 3 givesagain
a 5 times higher residual (see�g. 1), whereasit increasesby only 23%for � 3=� 1 =p

3. We also repeated the two optimizations while weighting the importance
of the frequenciesaccording to 1=! , which better re
ects the situation in real
images. After modifying (14) and (17) accordingly, we got optimal � 3=� 1 ratios
of

p
3 and 1:8 respectively, and the dependencyof the residual on the ratio was

reduced. Consequently , scaleratios between1:5 and 1:8 give reasonableresults,
whereasit appears to be a bad idea to apply all derivativesat the samescale.
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Fig. 1. Left: B (t1 ; t2) (for t1 ; t2 > 0, � 2 = 1); center: G(t1 ; t2) with � 3=� 1 = 1:55 and
(� 2

1 + � 2
3 )=2 = 1; right: G(t1 ; t2) for � 3=� 1 = 1: the deviation from B is much higher.

Now we analyse the response of the tensors to intrinsically 2-dimensional
structures. To simplify we considerpoints x wherethe spectrum F (u) computed
with x as coordinate origin is (appproximately) polar separablewithin the pass
band of the tensor �lters. In caseof the boundary tensor, the passband is deter-
mined by the Laplacian of Gaussian,and we require juj2 exp(�j uj2� 2=2)F (u) �
� 2 exp(� � 2� 2=2)Fr (� )Fa (� ). Then the integrals over u can be separated into
products of two integrals over the radial and angular coordinates:

B ij =
Z

ei (� )Fa (� )d�
Z

ej (� )Fa (� )d�
� Z

� 2e� � 2 � 2 =2Fr (� ) � d�
� 2

(18)

+
Z

ei (� )ek (� )Fa (� )d�
Z

ej (� )ek (� )Fa (� )d�
� Z

� 2e� � 2 � 2 =2Fr (� ) � d�
� 2

with e(� ) = (cos(� ); sin(� ))T . When we de�ne the Fourier coe�cien ts of Fa (� )
by cm =

R
cos(m� )Fa (� ) d� and sm =

R
sin(m� )Fa (� ) d� , the trace of the

boundary tensor becomes:

tr( B ) =
c2

0 + 2c2
1 + 2s2

1 + c2
2 + s2

2

2

ZZ
B (� 1; � 2)Fr (� 1)Fr (� 2) � 1 d� 1 � 2 d� 2 (19)

wherethe kernelB simpli�es to B (� 1; � 2) = � 2
1� 2

2 exp(� (� 2
1+ � 2

2)� 2
2=2) because� 1

and � 2 are non-negative. The trace is determined by two local imageproperties:
by the local contrast (as given by the radial integrals), and by how well the
angular shape variation is captured with low-order circular harmonics (as given
by the magnitude of the �rst �v eFourier coe�cien ts). It is interesting to compare
this with the gradient at a polar separablelocation:

(r f )2 = (c2
1 + s2

1)
ZZ

S(� 1; � 2)Fr (� 1)Fr (� 2) � 1 d� 1 � 2 d� 2 (20)

where S(� 1; � 2) = � 1� 2 exp(� (� 2
1 + � 2

2)� 2
1=2). Again we obtain an expressionof

the form \contrast times Fourier coe�cien ts". Since all Fourier coe�cien ts in
(19) and (20) are weighted by only one radial integral, the form of this integral
is not crucial (gradients can be de�ned with many �lters, the boundary tensor
originally used the kernel S above, see[10]). Thus, the key di�erence between
the boundary tensor and the gradient squaredis that the former includes three



Fig. 2. Top: original images; bottom: reconstruction obtained by a weighted sum of
the boundary tensor �lter kernels, where the weights correspond to the normalized
�lter responsesat the center pixel.

additional Fourier coe�cients : The boundary tensor can be interpreted as a
natural generalization of the gradient towards a more sophisticated local signal
model. Fig. 2 illustrates this generalization by means of a local image recon-
struction from the �lter responsesthat constitute the boundary tensor. This
reconstruction essentially shows how the boundary tensor \sees" certain shapes.
Obviously large part of the shape information is already contained in �v e �lter
responses(only the �rst two patterns could be reconstructed from the gradient
�lters). A similar generalization to �v e Fourier coe�cien ts is achieved by the
structure tensor (3). At a polar separablepoint, its trace can be written as:

tr( S) = �
c2

0 + c2
2 + s2

2

2

ZZ
B (� 1; � 2)Fr (� 1)Fr (� 2) � 1 d� 1 � 2 d� 2

+( c2
1 + s2

1)
ZZ

S(� 1; � 2)Fr (� 1)Fr (� 2) � 1 d� 1 � 2 d� 2 (21)

But here the even and odd Fourier coe�cien ts are weighted by di�er ent radial
integrals. Onecantry to optimize � and � 2=� 1 in order to minimize the di�erence
between B and S, but it turns out that good agreement can only be achieved
for a few frequenciesat a time. This means in practice that at many image
locations the contributions of even and odd tensor parts are not well balanced,
which results in multiple responsesfor a single boundary or boundary gaps.
Fortunately, the trace of the GET operator shows much better behavior:

tr( G) =
c2

0 + c2
2 + s2

2

2

ZZ
B (� 1; � 2)Fr (� 1)Fr (� 2) � 1 d� 1 � 2 d� 2

+( c2
1 + s2

1)
ZZ

G(� 1; � 2)Fr (� 1)Fr (� 2) � 1 d� 1 � 2 d� 2 (22)

Although even and odd Fourier coe�cien ts are still weighted di�eren tly , we have
shown above(see�g. 1) that the kernelsB and G can be madeextremely similar,
so that the GET operator G can be considereda very good approximation of
the boundary tensor B . Strictly speaking this applies only at polar separable
image locations, but we have found experimentally that this desirablebehavior
carries over to many interesting imagesfeatures.



Fig. 3. Top left: original image; col. 2: tensor trace (row 1: boundary tensor, row 2:
GET operator, Gaussianderivativ es,row 3: GET operator, 3� 3 �lter); col. 3: junction
strength; col. 4: locations with negative junction strength; col. 5: edge orientation
(hatched: not a 1D feature, black/white: horizontal edge,gray: vertical edge).

4 Exp erimen tal Comparison of
Tensor Based Feature Detectors

The local shape information represented by the gradient energy and boundary
tensors can be extracted in the usual way. The most important tensor char-
acteristic in this context is the tensor trace which indicates the local contrast
independently of feature type (edge, line, corner, or junction) and thus acts as
a general boundary indicator. Intrinsically 1- and 2-dimensional parts of the
boundary can be distinguished by the tensors' eigenvalues: The smaller eigen-
value indicates corner and junction strength, whereasthe di�erence of the two
eigenvalues represents edgeand line strength. If the eigenvalues indicate a 1D
structure, the eigenvector corresponding to the large eigenvalue points in the
direction perpendicular to the edgeor line. In all experiments we compare the
following tensors: (i) the boundary tensor computedwith the Laplacian of Gaus-
sian at � = 0:9, (ii) the gradient energy tensor computed from Gaussianderiva-
tiv eswith � 2 = 0:9 and various ratios � 3=� 1 (imagesare shown for � 3=� 1 = 1:5),
and (iii) the gradient energytensor computed by applying Scharr's optimal 3� 3
derivative �lter (3; 10; 3)T (1; 0; � 1)=32 one, two and three times [14].

In the �rst experiment, we computed the tensors for simple test images.
Fig. 3 shows typical results. We found that all tensor variants have very similar
trace (boundary strength) and small eigenvalue (corner strength). The trace
is phase invariant (to very good approximation in caseof the GET operator),
i.e. responds uniformly to step edgesand lines. The step edgeresponseof the
GET operator is slightly narrower than that of the boundary tensor, which may
be desirable in practice as it reduces the likelihood that nearby edgesblend
into each other. On the other hand, there are several locations where the small
eigenvaluesof the GET operators are negative, but this only occurs away from
junctions. The large eigenvaluesare always positive.



Fig. 4. Rows 1 and 3: original image, negative small eigenvalues of GET operator
with � 3=� 1 = 1:5, negative small eigenvalues of GET operator with Scharr �lter; rows
2 and 4: square root of tensor trace for boundary tensor and the two GET operators.



Fig. 5. Integrated boundary detection from boundary tensor, GET operator (� 3=� 1 =
1:5) and GET operator (Scharr �lter).

The secondexperiment illustrates the sameproperties on real images(�g. 4).
Again the traces are almost indistinguishable. The small eigenvalue is negative
at about 10:::35%of the pixels, but never at cornersor junctions (wechecked this
against the corner locations detectedwith the boundary tensor). Negativevalues
in the trace occur much lessfrequently (about 1:::10%of the pixels, and never on
edges)becausethe largeeigenvaluewasnever negative in the experiments (formal
proof of this fact is subject to further research). Gaussianderivatives and the
Scharr �lter perform similarly, with the exception of derivatives at � 3=� 1 = 1,
where the number of negative pixels increases1:5:::3-fold.

In the last experiment we show that the three tensors can be used for in-
tegrated edgeand junction detection as described in [10]. The tensor at each
image location is decomposed into its corner/junction (small eigenvalue) and
edge/line (di�erence of eigenvalues times main eigenvector) parts. Then local
maxima above a certain threshold are detected in the corner/junction map, and
oriented non-maxima supressionand thresholding is performed in the edge/line
map. The resulting boundariesare overlayed over the original image, see�g. 5.
Again, the results are extremely similar.

5 Conclusions

Traditionally , quadrature �lters and derivativeshave been usedby what might
be considereddi�eren t schools of low-level image analysis. In this paper we
demonstrated a very closerelationship betweentwo typical methods from both
camps: the boundary tensor and the GET operator. It turned out that these
operators behave almost identically in experiments. Theoretical analysis sup-
ports this �nding: We establisheda close formal relationship by giving a new
boundary tensor de�nition using Riesz transforms. And we showed for typical
1- and 2-dimensionalimagestructures that the resulting integral expressionsare
very similar for the two methods, if suitable operator scalesare chosen.

Boundary tensor and GET operator can be interpreted as natural general-
izations of the gradient, which uses�lters whoseangular behaviour corresponds
to the �rst two odd circular harmonics: they add �lters representing the �rst



three even circular harmonics. It should be stressedthat the feature detection
capability dependsmainly on this angular behavior { the radial �lter shape can
be altered considerably, as long as it remains approximately equal for all �lters
(in the Fourier domain): The boundary tensor can be de�ned with other band-
pass �lters, and slightly di�eren t radial shapes for even and odd �lters can be
tolerated in the GET operator. But the angular behavior has to be equal.

Somedi�erences remain: The boundary tensor is alwayspositivesemi-de�nite
by construction, whereasthe GET operator sometimesmeasuresnegative corner
strength. Sincethis doesnot occur at true corners,it is safeto truncate negative
valuesat zero. On the other hand, the �lters constituting the GET operator are
simpler then the onesfor the boundary tensor (in the spatial domain). The GET
operator can already be computed accurately with a 3 � 3 �lter mask, and only
seven convolutions with this mask are needed.This is roughly the samee�ort as
neededfor the structure tensor, but the underlying feature model is much richer,
containing not only edgesbut also lines, corners, and junctions. Extension to
3D and to multiple scaleswill likely be easierfor the GET operator due to the
huge existing body of establishedanalysis for derivative �lters.
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