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Abstract.  We describe three modi cations to the structure tensor ap-
proach to low-level feature extraction. We rst show that the structure
tensor must be represerted at a higher resolution than the original image.
Second, we propose a non-linear lter for structure tensor computation
that avoids undesirable blurring. Third, we intro duce a method to simul-
taneously extract edgeand junction information. Examples demonstrate
signi cant improvemerts in the quality of the extracted features.

1 Intro duction

Sincethe pioneeringwork of Ferstner [3] and Harris and Stevens|[5], the structure
tensor has become a useful tool for low-level feature analysis. It gained high
popularity for corner detection (see[12] for a review), but applications in edge
detection [4], texture analysis[10] and optic o w [9] have also beenreported.

However, despite the popularity, applications of the structure tensor for edge
and junction detection are facing a number of problems. First, we are showing
that the standard method for structure tensor calculation violates Shannon's
sampling theorem. Thus small features may get lost, and aliasing may occur.
Second,to calculate structure tensorsfrom gradient vectors, spatial averagingis
performed by meansof linear lters (e.g. Gaussians).The resulting blurring is
not adapted to the local feature arrangemert and orientation, which may cause
nearby featuresto diuse into ead other. Third, cornernessmeasuresderived
from the structure tensor have rather low localization accuracy[12).

A more fundamental problem is the integration of edge and junction de-
tection. From topology we know that a complete boundary description must
necessarilyincorporate both edgesand junctions [7]. Usually, edgesand cor-
ners/junctions are detected independertly. This makesthe integration problem
quite dicult. Attempts to derive edgesand junctions simultaneously from the
structure tensor [5,4] have not beenvery successful.The di culties are partly
causedby the other problems mentioned above, but also stem from the lack of
a good method for the simultaneous detection of both feature types.

In this paper we proposethree improvemerts to the structure tensorapproac
that addressthe aforemertioned problems: we use a higher sampling rate to
avoid aliasing; we describe a non-linear spatial averaging lter to improve corner
localization and to prevent nearby featuresfrom merging; and we develop a new
method for the integration of corner/junction and edgedetection.



2 The Structure Tensor

Given an imagef (x;y), the structure tensor is basedon the gradient of f , which
is usually calculated by meansof Gaussianderivative Iters:

fx =0 ?f; fy =gy, 2f (2)

where ? denotescorvolution, and g, ;gy; are the spatial derivativesin x- and
y-direction of a Gaussianwith standard deviation
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The gradient tensor Q is obtained by calculating, at ead point of the image,
the Cartesian product of the gradient vector (f;f,)" with itself.
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Spatial averaging of the ertries of this tensor, usually with a Gaussian lter,
then leadsto the structure tensor:

So =(sj); Sij = g o7 (i;j 2 1,29) (4)

0 is the scale of spatial averaging. Averaging is necessarybecausethe plain
gradient tensor has only one non-zero eigervalue and thus represens only in-
trinsically 1-dimensionalfeatures (edges). Spatial averaging distributes this in-
formation over a neighborhood, and points that receiwe cortributions from edges
with di erent orientations will have two positive eigernvalues,which allows them
to berecognizedasintrinsically 2D. Cornernesss then measuredby the strength
of the intrinsically 2D response,for example:

_ det(So )

= TS or c=det(So ) 0:04(tr(S o ))? (5)

The rst measureis commonly known as Ferstner's operator [3], although it
wasindependerly proposedby seweral authors. The secondone originates from
Harris and Stevens [5] and is called corner resmnse function. Rohr [11] later
simpli ed thesemeasureshy searding for local maxima of the determinant alone.

3 Impro vement I: Correct Sampling

Let us assumethat the original image f (x;y) was properly sampled at the
Nyquist rate. Setting the pixel distance y = 1 in the spatial domain, this
meansthat f must be band-limited with cut-o frequency! y =

Paiital ) F(lata)=0 (©)



Fig. 1. Original imagesand their Canny edgesat the original and doubled resolutions.
The small white tiles in the left image have a diameter of about 3 pixels. Characters
in the license plate have a line width of 2 pixels. More examplescan be found in [6].

where F denotesthe Fourier transform of f, and! ;;! , are the frequency coor-
dinates. Convolution of f with Gaussianderivative lIters correspondsto a mul-
tiplication of the spectrum F with the Fourier transforms Gy, Gy of the lters.
Since Gaussianderivativesare not band-limited, the derivative imagesf, andfy
are still band-limited with ! y = . Next, we calculate the Cartesian product of
the gradient vector with itself. Pointwise multiplication of two functions in the
spatial domain correspondsto convolution in the Fourier domain:

fif S F1?F; (7)

Convolution of two spectra with equal band width doublesthe band width.
Therefore, in order to avoid aliasing and information loss, the elemeris of the
gradient tensor must be represerted with half the sampledistance of the original
image. Surprisingly, this important fact has been overlooked so far. As we will
see,correct sampling leadsto signi cant improvemerts in the quality of the edges
and cornersobtained later on. Oversamplingis best realiseddirectly during the
calculation of the derivative images. Consider the de nition of the convolution
of a discreteimagef with an analog Iter kernel g:

X

(f290qy) = f(jax by j) (8)
]
Despite f being discrete, the right-hand side of this equation is an analog func-
tion that can be evaluated at arbitrary points (X; y). We obtain an oversampled
derivative image by evaluating f ?gx and f ?g, at both integer and half-integer
positions.

The problem of insu cien t sampledensity is not limited to structure tensor
based methods, it aects all algorithms that take products of derivatives. In
g. 1 we compare edgesdetected with Canny's algorithm [2] at the original
and doubled resolutions. The di erences in quality are clearly visible. Of course,
oversampling is not necessaryif the original image does not cortain ne scale
structure.



Fig. 2. (a) gradient magnitude at original resolution; (b) trace of structure tensor {
original resolution, linear averaging; (c) trace of structure tensor { doubled resolution,
linear averaging; (d) trace of structure tensor { doubled resolution, non-linear averaging

4 Impro vement |I: Non-linear Spatial Integration

The gradient tensor hasonly onenon-zeroeigervalue and thus only represerts in-
trinsically 1-dimensionalfeatures (edges).Spatial averaging, usually with Gaus-
sian lters, distributes this information over a neighborhood. Unfortunately, lo-
cation independert Iters do not only perform the desirable integration of mul-
tiple edgeresponsesinto corner/junction responses,but alsoleadto undesirable
blurring of structure information: If two parallel edgesare closeto ead other,
they will be mergedinto a single edgeresponse,and the narrow region between
them is lost. Similarly, edgesaround small circular regions merge into single
blobs, which are erroneously signalled as junctions. Figures 2 b and ¢ demon-
strate theseundesirablee ects.

The reasonfor the failure of the integration step lies in the linear nature
of the averaging: the same rotationally symmetric averaging Iter is applied
everywhere. This is not what we actually want. Structure information should
be distributed only along edges,not perpendicular to them. Hence, it is natural
to use non-linear averaging lters. Sud Iters were proposedin [9] (based on
unisotropic Gaussians)and [13] (based on unisotropic di usion). In both cases
the local Iter shape resenbles an oriented ellipse whoseorientation equalsthe
local edgedirection. However, in our experimerts elliptic Iters did not lead to
signi cant improvemerts over the traditional isotropic integration.

Therefore, we proposeto useoriented lters that are shaped like hour-glasses
rather than ellipses(g. 3). This typeof Iter canbeinterpreted asencaing the
likely cortinuations of a local piece of edge.Our Iter wasinspired by methods
usedin perceptual grouping, e.g. tensor voting [8] and curve indicator random
elds [1]. In contrast to those, in our application short-range interaction (over



Fig. 3. Hour-glass like lter according
to (9), with = 0:4amd o= 0.

at most a few pixels) is su cien t, and there is no needfor separatetreatment of
straight and curved edges.Thus, we can usea very simple lter design.

We de ne our non-linear lter kernelsaspolar separablefunctions, wherethe
radial part is a Gaussian Iter, but the angular part modulates the Gaussianso
that it becomeszero perpendicular to the local edgedirection (X; y):

2 tan ( 0)2

ho(r;; o)=Niezrj°e 22 ()]

where determinesthe strength of orientedness,and N is a normalization con-
stant that makesthe kernel integrate to unity. At every point in the image, this
kernel is rotated accordingto the local edgeorientation de ned by a unit vector
n(x;y) = (coq o);sin( o))" which is perpendicular to the gradiert. In the local
coordinate systemde ned by n and n,, ¢ is zero.Let p;q be Cartesian coor-
dinates in this local coordinate system.Then r? = p? + ¢? and tan( 0) = g
When r = 0, we set := 0 in order to avoid damping the radial Gaussianat
the certer of the lter. Givenn, p and g can be calculated very e cien tly from
the global coordinates x = (x;y), namelyp= nTx and g= nJx. In Cartesian
coordinates, our kernel thus reads:

8 x T x 1 ”IX 2
ho (x: _15820222ﬁ ifnTx 60
Q(X*”)—ﬁgo ifnTx =0, nIx60 (10)
1 otherwise

The nonlinear integration operator T is de ned as:

T.o =To[Q]
X
ticy)= ho x x%y yen(x®y9) g (x%y9 (i;j 2fL29 (1)
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Fig. 3 depicts this Iter for a horizontal edge. The parameter should be
as small as possiblein order to obtain pronounced orientedness.We have found
experimentally that the lter results are not very sensitive to the choice of {
valuesbetween0.3and 0.7 give essetially the sameresults. Howewer, for < 0:3,
the lter becomessusceptibleto noisein the estimated direction n. For > 0:7,
undesirable blurring becomesvisible again. In the examples,we use = 0:4.
This meansthat the kernel amplitude at = 25 is half the maximal
amplitude at . The parameter ° must be large enoughto ensuresu cien t



overlap betweenthe di erent edgecontributions coming from the neighborhood
of a junction. We have found that the averaging scaleshould be about twice as
large asthe scaleof the gradient Iter. Sincethe structure tensor is represened
with doubled resolution, this meansthat %= 4 . Experiments were done with

= 0:7. A theoretical investigation of optimal choicesfor and ©° will be
conducted. The possibility to improve e ciency by meansof steerable Iters will
also be explored.

Fig. 2 shows the trace of the structure tensor obtained by our new lter
and comparesit with the trace of the structure tensor calculated with linear
integration. It canbe seenthat nearby edgesare mergedin the linearly smoothed
version, which causessmall and narrow regions to disappear. This does not
happen with non-linear averaging.

5 Impro vement I1l: Integrated Edge and Junction
Detection

In many casesthe structure tensor is subsequetly usedto derive a cornerness
measure,e.g.c; or ¢z in (5). Sincea complete boundary description needsboth
edgesand corners, edgesare then detected with another algorithm, suc as
Canny's [2]. This posesa dicult integration problem of edge and corner re-
sponsesinto a single boundary response.Displacemerts of the detected corners
from their true locations and erroneousedgeresponsesnear corners and junc-
tions often lead to topologically incorrect boundaries (gaps, isolated \junction”
points etc.). Theseproblemshave to be repaired by meansof heuristics or dealt
with by robust high level algorithms. Obviously, it werebetter if the errors would
be avoided rather than repaired. This should be possibleif edgesand junctions
arosefrom a unied, integrated process.However, this is not straightforward.
For example, Ferstner [4] tried to derive edgeinformation from the structure
tensor aswell, but reliablilit y was not really satisfying.

The improvemers to the structure tensor proposedabove open up new pos-
sibilities for simultaneousedgeand junction detection. We baseour new edgeness
and cornernessmeasureson the fact that any positive semi-de nite secondor-
der tensor can be decomposedinto two parts, one encaling the intrinsically
1-dimensionalproperties of the current location (edgestrength and orientation),
and the other the intrinsically 2D properties:

T = Tedge + Tjunction = (1 2)n 1nI + 2l (12)

where 1., arethe eigervaluesof the tensor, n 4 is the unit eigervector assaiated
with 1, and | is the identit y tensor. The eigervaluesare calculated as:

1 q
2= 5 tig + to (tin  t2)?+ 4t7, (13)
and the eigervector is
. 1 2t
ny= cog 1) with .= Zarctan — =% (14)

sin( 1) 2 t1n to



Fig. 4. (a, c) integrated edge and junction detection { linear structure tensor cal-
culation; (b, d) integrated edge and junction detection { non-linear structure tensor
calculation. All images are calculated at doubled resolution.

Corners and junctions can now be detected as local maxima of {r( Tjunction ),
whereasTeqge Can be transformed badk into a gradient-likevector ™ 1 ,n;
that can be fed into Canny's algorithm instead of the normal gradient. Thus,
the detected corners/junctions and edgesarise from a decomposition of the same
original tensor represenation which leadsto much fewer errors in the resulting
boundary.

Fig. 4 comparesedgesand junctions derived from the standard structure ten-
sor with those from the improved one. This gure reinforceswhat g. 1 already
demonstrated for edgedetection alone: doubling of the resolution and non-linear
tensor Itering indeedimprove the boundary quality. In g. 4a, the most sewere
error is that junctions are hallucinated in the certers of the small triangular
regions, becausethe edgesof theseregionsare mergedinto a single blob during
blurring. Fig. 4c exhibits low quality of the detected edges,again becausenearby
edgesdi use into eadt other. Fig. 5 shons an examplewhere the traditional ten-
sor already performs reasonably But by looking closerone nds the cornersto
be displaced by 3 pixels from their true locations, whereasthe displacemen in
the non-linearly smoothed tensor is at most 1 pixel.

6 Conclusions

In this paper we improved structure tensor computation in two important ways:
increasedresolution and non-linear averaging. These improvemerns allowed us
to de ne a newintegrated edgeand junction detection method. The experiments
clearly indicate that the new method is superior, especially if the image contains
small features near the resolution limit, asis typical for natural images.

In order to improve the method further, a better theoretical understanding of
the non-linear averagingis required. It should also be investigated if Canny-like
non-maxima suppressionis optimal for the linear part Teqge Of Our tensor. Fur-
thermore, quartitativ e comparisonswith existing approacheswill be conducted.
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Fig. 5. (a) integrated edgeand junction detection in a lab scene;(b) detail of (a) com-
puted with linear tensor averaging; (c) the sameregion as (b) obtained with nonlinear
averaging. Note the corner displacemerts in (b).
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