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Summary . Tensors are a useful tool for the detection of low-level features such
as edges,lines, corners, and junctions becausethey can represen feature strength
and orientation in a way that is easyto work with. However, traditional approaches
to de ne feature tensors have a number of disadvantages. By means of the rst

and secondorder Riesz transforms, we proposea new approach called the boundary
tensor. Using quadratic convolution equations, we show that the boundary tensor
overcomessome problems of the older tensor de nitions. When the Riesz transform
is combined with the Laplacian of Gaussian, the boundary tensor can be e cien tly
computed in the spatial domain. The usefulnessof the new method is demonstrated
for a number of application examples!

1.1 Intro duction

Even when the raw image data are not tensor-valued, tensor-basedmethods
have beenfound usefulin image analysis becausetensorsdescribe local image
properties in a way that is invariant under Euclidean transformations of the
space.The two main applications so far are feature extraction and optical
o w computation. Historically, the latter one has beeninvestigated rst. The
optical ow problem can be formulated as the task of nding the main local
orientation at every point of the 3-dimensionalspatio-temporal domain that is
formed by interpreting animage sequencesa 3-dimensionaldata setwith two
spatial and onetemporal dimensions.One canthen de ne the spatio-temporal
gradient of the sequencd 3 as:
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1 This work was performed during a visit at the Computer Vision Lab of the Uni-
versity of Linkwoping, Sweden. I'd like to thank G. Granlund, M. Felsberg and K.
Nordberg for many valuable discussions,and the Informatics Department of the
Univ ersity of Hamburg for their generoussupport of this visit.
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Under the assumptionof constart optical o w in a neighborhood of the current
point, the o w vector v canbe determined from the null-spaceof the structure
tensor S3 [2, 11], cf. chapters 2 by Brox et al. and 3 by Nagelin this volume:

Ssv =0 with Ss=g ?(r far fj) (1.2)

The structure tensor is the averagedouter product of the spatio-temporal gra-
dient with itself, where the averaging Iter g (usually a Gaussian)is chosen
according to the size of the neighborhood where the ow is assumedcon-
stant. The ow vector is only uniquely determined if the null spaceof the
3-dimensional structure tensor is 1-dimensional, i.e. if the structure tensor
hasrank 2. If it haslower rank, there is no unigue o w vector, which is known
asthe aperture problem This problem naturally leadsto the de nition of the
2D structure tensor asthe averagedouter product of just the spatial gradiert:
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This 2-dimensional tensor must have full rank for a unique ow vector to
exist, which is the caseif the local image structure is neither at (asin ho-
mogeneousregions) nor 1-dimensional (as at edges),but has high variation
in all directions. Points of maximal variation are called spatial interest points
and correspond to important structural features such as gray level corners,

junctions, and extrema. They can for example be found as the local maxima
of the corner strength measuresproposedby Ferstner [6] and Harris [8]:

Sy=g ?(r for ) with rfo,= (1.3)

det(S)

= is = det(S tr2(s 1.4
Crorstner (Sy) CHarris et(Sy) r<(Sz) (1.4)

where is usually setto 0:04. In addition, Ferstner [6] and Nagel[11] usedthe
structure tensorto de ne a contrast independert measureof local isotropy:

4det(S,)
(tr(S2))°

A completely di erent approac to tensor-basedfeature detection was pro-
posedby Granlund and Knutsson [9]. They were interested in the character-
ization of locally 1-dimensionalimage structures, i.e. edgesand lines, which
they call simple structures Formally, simple structures are de ned by the fact
that the imageis locally reducedto a 1-dimensionalfunction that varies only
along a certain direction n and is constart perpendicular to that direction:

Croundness =

(1.5)

fa(x)  fi(x"n) (1.6)

Then the local signal energy and orientation can be represerted by an orien-
tation tensor as
T= nn' (1.7)



1 Low-level Feature Detection Using the Boundary Tensor 3

Since in [9] the authors are interested in arbitrary 1-dimensional features,
the estimation procedurefor T must react uniformely to edgesand lines. This
property is called phaseinvariance becauseedgesand lines can be understood
as superpositions of trigonometric (complex exponertial) basis functions at
dierent phase(namely phaseO or for lines and =2 for edges).Phase
invariance can be achieved by estimating the tensor with oriented quadrature
Iters [9] or with alocal polynomial approximation [4]. Quadrature lter pairs
were originally invented to estimate the instantaneousenergy and phaseof a
1-dimensional signal. A quadrature pair (heven; hogd) consistsof an even and
an odd symmetric Iter, and the instantaneous (edge or line) energy can be
calculated as the sum of squaresof the lter responses:

E(X) = (heven ?fl)2 + (hodd ?fl)2 (1.8)

To actually form a quadrature pair, the Iters must be related by the Hilb ert
transform H, which is de ned in the Fourier domain by
u

Hoda (U) = H[Heven(U)] = | jujHeven(U) = ] sign(u)H even(u) (1.9)
(slanted capitals denote the Fourier transforms of the corresponding lower-
casefunctions). To apply these lters in 2D, it is conventional to rotate them
into some orientation of interest. In order to estimate T on a 2D image, at
least 3 orientations are necessary9]. When the local image structure is indeed
1-dimensionaland the orientations ; = [0; =3;2 =3]are used, we get

X
T= (mim!| |1=4)E; (1.10)

where E; is the energy computed for orientation i, m; = (cos ;;sin ;)T and
| is the unit tensor. A secondorder polynomial approximation of the image
structure around X is de ned by the local model

fmodel(Xo + X) = ¢+ X" b+ xT Ax (1.11)

An in-depth discussionof how to estimate A ; b; ¢ canbe found in [4]. Possibil-
ities include local polynomial ts, facet models,momert Iters, and Gaussian
derivative lters. The orientation tensor is then de ned as

T=AAT+ bb' (1.12)

However, with the common estimation methods for A and b this tensor is
only phaseinvariant for a single frequencydetermined by , which is therefore
consideredas an algorithm tuning parameter.

The existing methods have a number of shortcomings.The structure tensor
approad is not phaseinvariant, because being basedon the image gradiert,
it reactsdierently to edgesand lines. Furthermore, due to averaging over a
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neighborhood, nearby features (e.g. the cornersof a small triangle) will blend
into only a single responseand cannot be resolved separately In the quadra-
ture lter approac, de nite statemerts about the properties of T can only
be made if the local image structure is indeed 1-dimensional. It is unclear
exactly what happensat 2-dimensionalcon gurations. Finally, when the ten-
sor is basedon a polynomial approximation, the choice of the parameter is
problematic. Usually it is impossibleto nd a single that works well on the
ertire image, and a procedureto chooseit locally is not known. Consequetily,
the responseis not phaseinvariant at most locations, and multiple responses
near a single line are common.

In this contribution | am discussingthe boundary tensor intro ducedin [10]
as a method designedto overcomethese shortcomings. It will be basedon a
new generalization of quadrature Iters to 2 dimensionsusing the Riesztrans-
form. The boundary tensor will turn out to be structurally equivalent to the
polymial-based tensor de nition, but with a uniquely determined parameter

= 1. It will exhibit phaseinvariance for all frequenciesin the sameway as
the quadrature Iter approach. By analysing the new method in the frame-
work of quadratic convolution, we can alsoshaw that it reactsin a useful way
to locally 2-dimensionalcon gurations. An e cien t spatial domain algorithm
and a number of feature analysis examplesconcludethe paper.

1.2 The Boundary Tensor

Before we go on to de ne the boundary tensor, we recall that (Cartesian)
tensors are in general characterized by the fact that the tensor elemens in
a rotated coordinate system can be calculated as linear combinations of the
tensor elemerts in the original coordinate system (cf. chapter 1 in this book):

X X
T, = Figly ©2iigty Thool, (1.13)
|1:l |p:l

where Ty, .., are the elemerts of a p" -order tensor, and r; are the elemens
of the N -dimensionalrotation matrix. Thesetransformation rules ensurethat
the properties represened by the tensor asa whole remain invariant under Eu-
clideantransformations of the space,evenwhenthe individual tensor elemens
do not. New tensorscan be created from existing onesby linear combinations,
by meansof the Cartesian (outer) product and by cortraction. A tensor of
order zerois a rotationally invariant scalar. Therefore, we can interpret every
pixel of the original image or an image obtained by a rotationally symmetric
lter asa O™ -order tensor.

We can de ne a tensor-basedgeneralization of quadrature ltering by re-
placing the 1-dimensional Hilbert transform with the N -dimensional Riesz
transform [5] which is de ned as:
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i L H W) (1.14)
juj
(N + 1)=2) X
(N +1) =2 ijN +1

Fourier domain: Hpy [H (u)]

spatial domain: Hy [h(x)] = ?h(x) (1.15)
where is the gamma function. In essencethe scalar-valued frequency co-
ordinate u of the Hilbert transform is simply replaced by an N -dimensional
frequency vector u. The Riesz transform can be interpreted as a rst-order

tensor operator becauseit turns a scalar valued function into a rst or-
der tensor-valued one. This can be easily seenby observing that the ra-
tio J%J de nes the rst order spherical harmonics (i.e. (cos ;sin )T in 2D,
(cos cos; sin cos; sin )T in 3D etc.), and polar separablefunctions with

this angular behavior conform exactly to (1.13) with p = 1. Spherical har-
monics are presened by inverse Fourier transformation, so that the spatial
domain version (1.15) of the Riesztransform hasthe sameangular behavior
and the tensor requiremerts are still satis ed. The Riesztransform is closely
related to the gradient and acts in a qualitativ ely similar way, as can be seen
by de ning the latter in terms of the former:

rnh(x) =S Hy[jujH (u)] (1.16)

where C—S denotesFourier correspondence.Both operators have the same
angular behavior, but the gradient in addition changesthe radial part of the
spectrum. This di erence is of crucial importance for the de nition of phase-
invariant operators. Another important obsenation concernsthe di erence
betweenthe 1-dimensionalHilb ert transform and the multi-dimensional Riesz
transform: while applying the former transform twice just reproducesthe orig-
inal signal (with reversedsign), multiple applications of the Riesztransform
createtensorsof higher and higher orders. This is again similar to the gradient
operator, where twofold application results in the Hessianmatrix etc.
However, applying the Riesztransform to the original image makeslittle

sensein practice, becauseits spatial domain kernel decreaseonly asjxj N,
so that feature localization would be bad. Instead, one combines it with a
radially symmetric band-pass.In contrast to derivative lters, wherethe band-
passchangeswith the derivative order, the band-passis kept the samefor all
orders of the Riesztransform. We de ne the rst and secondorder band-pass
Riesztransforms b and A of an image F in the Fourier domain as

b cs HN[K(juj)Hu)]:jj%jK(juj)Hu) (1.17)
T
A CS HZIK (juF(u)] = %K(juj)F(u) (1.18)

where K (juj) is the band-pass.It should be noted that these de nitions are
valid for all dimensionsN 2. The boundary tensor is now de ned as
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B=bb" + AA T (1.19)

This de nition is structurally equivalert to (1.12), but the parameter is no
longer needed,becausethe boundary tensor is phaseinvariant for all frequen-
cies (seebelow). Since A and b are both real, it follows that B is always
positive semi-de nite. Therefore, the trace of the tensor can be interpreted
as a measure of local signal energy which will be called boundary enemy.
The choice of this name stems from the fact that the tensor indeed detects
important boundary features, asis showvn below.

1.3 Analysis of the Boundary Tensor as a Quadratic
Filter

In order to analysethe properties of the boundary tensor, we follow the pro-
posal of [12] and formulate the tensor as a quadratic lter [13]. Quadratic
convolution is de ned as

ZZ

fx) = h(x x1;x  x2)f (X2)f (X2) dxq dx» (1.20)

where h(:;:) is the kernel, and the method is termed \quadratic becausethe
original image f appearstwice in the integral. Let g;(x) denote the i com-
ponert (i = 1:::N) of the rst order band-passRiesztransform kernel. Then

bibi = (6 ?1)(@?f)

g(x x)f(x1)dxy g(x x2)f(x2)dx;
Y4

g(x  xp)a(x x2)f (x1)f (x2) dxs dxz (1.21)

(bb )i

Similarly, let gy (x) represert component il (i; | = 1:::N) of the kernel for the
secondorder band-passRiesztransform. This leadsto

T X X
(AA 1) = Ak Ak = (g ?f)(g ?f)
z7 ‘ !
« [

Ok (X X1)ga(x  x2) f(x1)f (x2)dxydxz (1.22)
K

We can combine both equationsinto a single quadratic convolution with

X
hi(X1;%2) = gi(Xx1)g(x2) + Gk (X1)G(X2) (1.23)
K

Then the componerts of the boundary tensor can be written as
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ZZ
spatial domain: Bj (x) = hi (X X1;x  X2)f (X2)f (X2) dxq dx»
ZZ
Fourier domain: B (x) ©—S  Hy (u;Vv)F (u)F (v)é @V X du dv (1.24)

whereF is the N -dimensional Fourier transform of f , H; is the 2N -dimensio-
nal Fourier transform of hy , and & (“*¥)" X translates f sothat the current
point x becomesthe origin. Inserting the Fourier represenation of the band-
passRiesztransform, H; getsa simple functional form:

. X .
ooy = VI UiUk ViV Coa
. T
= AV B Y GujK (i) (1.25)

jujjvj jujjvj
In order for B to bereal for real imagesf , it is required that H; ( u; v) =
Hj (u;v), which is easily veri ed. Conditions for an N -dimensional tensor
operator to behave like a 1-D quadrature Iter for simple images(i.e. images
where f (x) = f’\(xTn) for someunit vector n giving the signal orientation)
are derived in [12]. If the signal is simple, the spectrum of F (u) vanishesfor
all u 6 tn, and the restriction of the kernelto this line must reduceto

Hi (tn; n) = nim A ) (1.26)

Furthermore, in order for the signal energyto be phaseinvariant K (t;t) = 0
must hold for all t. Both conditions are ful lled, becauseu; = tn; and v; =
ni, and thus

tmng, tnin
It )
i (- sign(t )+ 1)K GEK ] (1.27)

Hi (tn; n) ) K@tHKG )

In fact, this is precisely 4 times the expressionwhich [12] derived for the

quadrature Iter method accordingto [9], cf. 1.10), sothat both approaces

behave igentically for simple signals. For simple signals the signal energy

tr(B) = | Bk reducesexactly to the 1-dimensionalquadrature energy(1.8):
x ZZ

r(®) nZ( sign(t )+ DK (K G HF(n)F( n)e ™ did

k

ik 21+ ka2 (1.28)

where k; is the 1-dimensionalinverseFourier transform of K and H1[ki] its
Hilb ert transform (derivation seeappendix).

H; is alsoa usefultool to analysethe behavior of the boundary tensor for
intrinsically 2-dimensional features. To simplify matters, we consider points
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x where the spectrum F(u) computed with x as coordinate origin is polar
separablewithin the pass-bandof the tensor Iter K (juj). At many structures
of interest this is at least approximately true. Then the product K (juj)F (u)
can bewritten asK (juj)F, (juj)Fa( ). After inserting this and (1.25) into the
boundary tensor expression(1.24), the latter can be transformed into polar
coordinates and simpli es into a product of two integrals:
zZ
By = .Ui..VI. 1+ - ..V.

ZZJUJJVJ jujvi

ni()m( ) 1+nT()n( ) Fa( )Fa( )d d
ZZ

KCD)K(2F(1)F(2) 1d1 2d2 (1.29)

B .. tensorB,

K (jujp)K (jvj)F (u)F (v) du dv

with u= 1n( )= 1(coy );sin( )T andv = ,n( )= »(cos( );sin( ).
It should be noted that this is a major advantage of using the Riesztransform:
Otherwise, the rst and secondorder lter kernelswould have had dierent
radial parts, and the separation of angular and radial behavior were impossi-
ble. The angular integral B 5 in (1.29) can be further simplied in terms of
the Fourier coe cien ts of F;:

z z

n= cogn )Fa( )d n= sin(n )Fy( )d (1.30)

It turns out that only the Fourier coe cien ts up to secondorder are relevant
(the others drop out dueto orthogonality of trigonometric functions), and the
boundary tensor componerts can be written as (seeappendix):

5)B:

5)B: (1.31)

Bu=( 2%+ %( o+ 2)%+
Bzz=(%+%(o 2)% +

Bio=(11+3 o0 2)B;

D DN

where B, is the radial part of (1.29). These equations give us a qualitativ e
understanding of how the boundary tensor reactsto 2D features: At (approx-
imately) polar separablelocations, its componerts are products of radial and
angular expressionsThe former measurethe contrast of the local structure at
the scaleof the bandpass Iter, and the latter determine how well the angular
shape can be represenied with circular harmonics up to order 2. Since many
important structures (edgeslines, saddles,corners)are coveredby this model,
the boundary tensor reacts reasonablyat many locations where for example
the gradient (which solely relies on rst-order circular harmonics) fails. We
illustrate this with two examples:parameterized step and line edges.In the
spatial domain the angular parts of these features can be written as

fa;edge( )= (+ o) ( 0) faine( )= ( + o) ( 0) (1.32)
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Fig. 1.1. Eigenvalue ratios = min(B11;B22)=max(B11;B22) for a parameterized

edge(left) and line (right) asa function of Ip = o=(2 ).

where is the step function and the impulse function. The parameter

o 2 [0; ] determines the angle of the corner, and o = =2 results in a
straight edgeor line. Due to symmetry, B, is always zero at the certer of
these con gurations, and B3, B, are the tensor eigernvalues. The ratio of
the eigernvaluesis a measurethat distinguisheslocally 1-dimensionaland 2-
dimensional con gurations { it is near0 in the former and near 1 in the latter
case.Fig. 1.1 shows theseratios as a function of 4. It can be seenthat we
getindeed = Ofor o= =2 (straight edge/line) and = 1for o= =4
and ¢ = 3 =4 (90 degreecorners). For o = 0 the edge disappears, and

= lindicatesthat the remaining homogeruousregionis interpreted asa 2D
con guration, whereasin caseof the line, ¢ = 0 results in a half-line which
the boundary tensor cannot distinguish from a straight line, hence = 0.
Sincemore complexjunction con gurations can be expressedas combinations
of multiple edgeand/or line corners,they can be analysedin essetially the
sameway. All junctions that canbe approximated well with an angular second-
order Fourier series(e.g. saddle points, crossingsof two straight lines) will be
characterized correctly by the boundary tensor.

1.4 Ecien t Computation of the Boundary Tensor

In order to compute the boundary tensor in practice we have to choose a
suitable band-passK . Filters basedon Gaussianor exponertial transfer func-
tions and log-normal lters are obvious choices.If implemented in the Fourier
domain, all these Iters are equally easyto compute. However, we have only
beenableto nd an e cient spatial domain implementation of the boundary
tensor (or actually a close approximation of it) if the band-passequalsthe
magnitude of the Laplacian of Gaussian

juj2 2

K (juj; ) = juj2e "= (1.33)

Moreover, we have experimentally found that this band-passgivesbetter fea-
ture resolution (less blending of nearby featuresinto ead other) than other
choices,which is probably due to the Gaussian'soptimal localization in both
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Fig. 1.2. left: g1 (solid) and gi1 (dashed) along the x; axis when the band-passis
the Laplacian of Gaussianat = 1 (g: and its approximation g according to (1.39)
and (1.41) are almost indistinguishable in the depicted 4 interval). Right: spectra
of K (dashed) and its approximation Gi = F[en] (solid) at = 1.

the spatial and frequency domains. The spectra of the lters are the product
of the bandpasswith rst and secondorder Riesztransforms:

juj2 2
2

Gi(u) = juijuje (1.34)

(1.35)

ju12 2
2

Gi(x) = ujue
It can be seenthat the secondorder spectra are exactly those of the second
derivativ e of the Gaussian. Therefore, the spatial Iter function is:

. 2 . xi2
gi (x) = 7)(')('2 SRR (1.36)

and the resulting tensor A is the Hessianof Gaussian,which can be e cien tly
computed by separable convolutions. Inverse Fourier transform of the rst
order lters is more complicated (seeappendix). The result is

_ Xi xi2 iXj? . iXj?
ai(x) = Zp#e T3 5 Gt A T (187)

where lo and |, are modi ed Besselfunctions of the rst kind. Fig. 1.2 left
depicts the shape of g; and gi; along the x; axis. Unfortunately, the rst

order kernelsare unsuitable for practical applications becauseheir asymptotic
decay is only O(jxj 4) and they are not Cartesian separable.This meansthat

large 2-dimensional Iter masks are needed,which makes computation of g;

very slow. Therefore, we apply a designtechnique similar to the one usedfor
steerable quadrature Iters [7] to approximate g; with Iters g that can be
computed separablyand decay exponertially . The ideais to realize g assums
of Iters that arethird order polynomials times a Gaussian.The polynomials-
times-Gaussianare de ned sothat they together form a supersymmetric third

order tensor lter gk (a supersymmetric tensor has the property that its
componerts don't changeunder permutation of indices,i.e. 8112 = €21 = 611
etc.). Then the rst order tensor lter can be obtained by contraction over
any pair of indices,i.e. & = , 8ikk. We make the following ansatz:
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P

gi 0G 9= T+ b gx; 9

. 2
o 9= 20 Zhy 3—b0 gx; 9 (61 (1.38)
g (x; 9 = %XiX|Xk g(x; 9 (i616 k)

where g(x; 9 is an N -dimensional Gaussian, and the last function is only
required if N > 2 (for N = 2, the condition i 6 | 6 k is never satis ed).
By expressingthese functions in a rotated coordinate system, it is easy (if
tedious) to verify that (1.13) is ful lled with p= 3. The spectrum of g; is

X uj - 4b Coyi2 -
6= &k “SGi(u; 9= a@ juj? 02)*'3 el uit ¥=2

k

(1.39)

We now formulate a least squaresproblem to choosea, b, °sothat the radial
part of Gi(u; 9 becomesassimilar to K (u; ) as possible:
Z
2
minimize w.r.t. a;b; °: G(Guj; 9 K(uj; ) du (1.40)

where G(juj; 9 is obtained from G;(u; 9 by replacing u; with juj. The
optimum dependson the dimension N of the space.For N = 2; 3 we get

a;p = 0:5589  byp = 2:0425 9 = 1:0818
agp = 0:5086  bzp = 1:8562 % = 10683 (1.41)

Fig. 1.2 right depicts G and K for the 2D case.It should be noted that
it is important to include the Iter scalein the optimization becausethis
signi cantly improvesthe t. To conclude, we can compute the boundary
tensor by using 7 separable,exponertially decaing lters in 2D, and 15 such
Iters in 3D. This can be comparedwith the structure tensor, whereN lters
are usedto compute the gradients, but then N(N + 1)=2 Iters at a larger
(typically doubled) scaleare applied to integrate the gradient tensorsover a
neighborhood. Thus, the number of Iters is lower, but larger windows are
required, making the overall computational e ort about equal.

1.5 Applications

The boundary tensor can be used much like the structure tensor, e.g. as an
integrated detector for low-level image features such as edges,lines, corners,
and junctions (in 3D additionally surfaces),and to estimate local orienta-
tion. For feature analysis it is advantageousto considerthe eigensystemof
the boundary tensor. Using the eigervalues 3 2 0 and the eigervector
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Fig. 1.3. Top: test patterns, cernter: boundary energytr( B), bottom: junction energy
tr( B junction )

n corresponding to 3 (cf. chapter 1 by Hagen and Garth), one can decom-
posethe boundary tensor into its 1D and 2D (edge/line and corner/junction)
contributions:

B = Bedge + Bjunction = ( 1 Z)nnT + ol (1.42)

Fig. 1.3 demonstratesthis for a number of test patterns. The angle between
n = (coq );sin( ))T and the x-axis is given as

1 2B 1

= -arctan ——— 1.43

2 Bix B2 (1.43)
Local maxima of the 2D energy tr(Bjuncion ) = 2 2 are a good corner and
junction detector. Its localization error is only half asbig asthe errors of the
Ferstner and Harris detectors (1.4), g. 1.4 left. Moreover, it does not give
multiple responsesat saddle-like junctions, g. 1.4right. An edgedetector can
be de ned by reducing the edgepart of the tensor to a vector

P

g=" 1 2n (1.44)
which can be used instead of the gradient vector in Canny's algorithm [3].
This algorithm can then detect lines as well as edges,and sub-pixel accurate
localization is still possible, although we have found the noise sensitivity of
edgeposition to be somewhathigher than for the standard Canny algorithm.
Edgelline detection can also be integrated with corner/junction detection,
becauseboth feature typesare derived from the sametensor represeration.
In this way, a complicated integration step of edgeand corner responsesinto
a unied boundary represeration is avoided. This is illustrated in g. 1.5.

1.6 Conclusions

In this paper we discussedthe boundary tensor as a new way to represen
low-level feature strength and orientation. It combines many good properties
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Fig. 1.4. Corner localization of the boundary tensor (white +) and Ferstner detector
(black ) relative to exact corner location (white ). Note the double response of
the Feorstner detector in the right image. Had the contrast of the two wings of the
saddle been equal, the boundary tensor response would have been exact. Harris
detector results are very closeto Ferstner's.

of existing tensor-basedapproacies and avoids a number of problems. The
key insight is that the Iters usedto compute the boundary tensorsshould be
de ned in terms of the Riesz transform which determinesthe angular Iter
sensitivity, combined with a band-passwhich controls scalesensitivity. In this
way, the tensor componerts becomeproducts of an angular part that charac-
terizesthe feature type, and a radial part that determinesfeature strength at
a given scale. Since the tensor de nition does not depend on the dimension
of the image, it can readily be usedfor 3D (volume or space-time) and 4D
(volume-time) data sets.

We have shown that atensorde ned with Riesztransform lters reactslike
a quadrature Iter to locally 1-dimensionalcon gurations. We used lters up
to secondorder, sothe boundary tensor alsoreactsin a predictable and useful
way to 2-dimensionalcon gurations that are well approximated by a second-
order angular Fourier series,e.g. corners, saddle junctions and crossingsof
straight lineslf more complex junction con gurations have to be analysed,
it is possible to extend the boundary tensor de nition towigrds third and
higher order Riesztransforms by including terms of the form km Tikm Tikm
etc. However, higher order lters can no longer be used at small scalesdue
to angular aliasing, so the best trade-o will be application dependen. By
choosingthe band-passasthe Laplacian of Gaussian,we wereableto derivean
e cien t and accuratespatial domainimplementation. In a number of examples
we illustrated the good performanceof the new method. Further illustrations
can be found in [10].

App endix

Deriv ation of (1.28): We want to show that in caseof a simple signal
the trace of the boundary tensor is exactly the ';_l,-dimensional signal energy
Obsenethat sign(t ) = j sign(t)j sign( ) and | nZ = 1
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Fig. 1.5. Top: original image. bottom: integrated edge (black lines) and junction
(white crosses)detection.

x ZZ

r(®) = nf( signt ) + DK (LK G HF(En)F( n)d* " drd

< zz
= 0 sign(t )K (itK ( )P (tn)P( n) & " dtd
k
zZZ
+ KGK G PP n) et " dtd
z , z ,

i sign®K (jtj)F(tn) " *dt + K (jtj)P (tn) &1 % dt

Hilke] 21 g ky 21 ’

The last transition is simply basedon recognizingthe integrals asthe Fourier
domain corresponderts of the respective spatial convolutions.

Deriv ation of (1.31): We shaw that the boundary tensor componerts can
be expressedin terms of the Fourier coe cien ts of the angular function F,
when the spectrum F (u) is polar separable.The Fourier seriesof F is:

E _ o0 x im .
a( )_2_+ —( ncogn )+ psin(n )) (1.45)

n=1

where , and |, are the Fourier coe cien ts accordingto (1.30). Note that
the odd order terms are imaginary, becausethe spatial domain imageis real.
We perform the derivation for B ,.11, the procedurefor the other componerts
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is analogous.
2,272,
Ba11 = ni( )ni( ) 1+n7()n( ) Fa( )Fa( )d d
77 0 0
= cog )cos( )( 1+ codq )cos( )+ sin( )sin( ) Fa( )Fa( )d d
Z 2 Z 2 Z 2
= cos( )Fa( )d + cog( )Fa( )d + cos( )sin( )Fa( )d
Z 2 Z 2 Z . 2
= wsOR()d ¢ g v Mg (g

Now we insert the Fourier seriesfor F,. Due to orthogonality, all integrals
involving a product of di erent trigonometric functions are zero. Only terms
containing the square of a single trigonometric are nonzero, reproducing a
Fourier coe cien t, e.g.:

cos( )Fa( )d == 1 cof )cos()d =j 1
0
Collecting all \surviving" terms, we get the desired result:

1 1
Baw1= 2+ 4_1( o+ 2)%+ 2 2

Deriv ation of (1.37): We want to calculate the two spatial Iter functions
(i.e. inverse Fourier transforms) of the rst order band-pass Riesz kernels

.u.2 2 . . ) A )
jujjuje =z— . In this cortext, it is advantageousto interpret the pair of real
valued Iters asa complex valued function g(x) = g1(X) + j gz2(x). Then the
inverseFourier transform of both Iters can be written asa single integral:

zZZ

. 1 . . .. jui2 2 .1
g(x) = qu(x) +j g(x) = 212 j (up+juz)juje “7 Y X du

We turn to the polar represenations u = el andx = ré and get:
ZZ
J — 1 H| 2 22 jr cos( )
o(re )= 12 je¢ ‘e 7 ¢€ d d

By meansof the substitution ©°= , We can rearrangeterms as follows:
i . 1 ‘Zl-z 22 Z2 j(r cos( 9+ 9 4 0
g(ré )= ﬁe' j ‘e = e d d
0 0

The inner integral is a well-known Egpresemation of the rst-order Bessel
function of the rst kind: Jy(t) = ﬁ Z dlteost 9 9 0 The outer integral
is called the rst-or der Hankel transform of the kernel. It can be computed
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by meansof a symbolic mathematics program such as Mathematica or, more
traditionally , by using [1], formulas 11.4.28,13.4.2-5,and 13.6.3:
A

2 2 1 2 2

Hankel[ 2e 2 1= 2 2e 2 Jy(r) d
0
3=2 2 2 2 r2 2 2 r2
=p?re4_f(3 r)'Oﬁ"’(r )Ilﬁ

wherelg and |; are modi ed Besselfunctions. Inserting this into the previous
equation and going badk to Cartesian coordinates, we arrive at the result:

_ X D2 2 jxj? 22 jxj?
gi(x)—zpﬁe 27 (jxj© 3 9lo 22 (ixj N1 77
During the above calculations, the expressiong(rel ) rM(2;2; 4—'22) occurs
as an intermediate result, where M is a con uent hypergeometric function.
Using this together with [1], 13.1.5,we obtain the Iters' asymptotic behavior
for larger asO(r 4).
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