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Abstract

Discretealgorithmsfor low-level boundarydetectionare
geometricallyinaccurateandtopologicallyunreliable.Cor-
respondingcontinuousmethodsare often more accurate
andneedfewer or no heuristics.Thus,we transferdiscrete
boundaryindicatorsinto a continuousform by meansof
differentiablesplineinterpolationanddetectboundariesus-
ing theexactwatershedtransform.Wedemonstratethatthis
signi�cantly improvestheobtainedsegmentations.
keywords: sub-pixel segmentation,watersheds,splines

1 Intr oduction

Edge detectionand segmentationare fundamentaltasks
in imageanalysis.But conventionalalgorithmsoftenmiss
parts of the true boundary or hallucinate non-existing
boundaries.Usually, theseerrorsareattributedto noiseand
low contrast,but this cannotbethewholetruth: Errorsoc-
curevenundergoodconditions,mainly nearjunctionsand
in areaswith smallor narrow objects.In this paperwe will
investigatehow a continuousapproach helpsin overcom-
ing theseproblems.Weconsiderlow-levelboundarydetec-
tion asafour-stepprocess,whosemostprominentexample
is Canny'salgorithm[1]:

1. A boundaryindicator extractsa measureof boundary
strengthfrom animage,e.g.thegradientmagnitude.

2. During boundarydetection(“non-maxima suppres-
sion”), boundarypointsareextractedfrom the pixel-
wiseoutputof theboundaryindicator.

3. Thesepointsareconnectedinto a completeboundary
graphduringtheboundarylinking stage.

4. Suitablerelevance�ltering (e.g.hysteresisthreshold-
ing) is appliedto removeinsigni�cant boundariesand
createa perceptuallymeaningfulresult.

It is importantto notethat thesestepscanbe variedrela-
tively independentlyof eachother, provided that suitable
interfacesare de�ned. In Canny's algorithm,step2 usu-
ally achieveslocalizationaccuracy signi�cantly below the
pixel size,but step3 is lesssatisfying,asit heavily relieson
heuristicsanddoesnotalwaysleadto topologicallyconsis-
tent results.In this paperwe will employ theexact water-
shedtransformfor steps2 and3.

In the context of the watershedtransform,we think
of boundariesasridgesof theboundaryindicatorfunction.

The formal de�nition of watershedridges was given by
Maxwell [5]: A watershedis a�o wline thatconnectsalocal
maximumwith a saddlepoint, wherea �o wline is de�ned
asthe curve alongwhich a drop of waterrunsdownward
alongthelocalgradient.Thisde�nition hastwo drawbacks:
First, onecannotdecidelocally whethera given �o wline
endsat a saddle,i.e.whetherit is indeeda watershed.Sec-
ond,�o wlinesareonly uniquelyde�ned whenthefunction
is differentiableandall critical pointsareisolated.

To avoid the �rst problem,alternative ridge de�ni-
tions have beenproposedthat can be evaluatedindepen-
dentlyat everypixel. Canny's local maximaalongthegra-
dientdirectionandthezerocrossingsof theLaplacianare
two commonexamples.A comparisonof alternativescan
befoundin [2]. Unfortunately, it turnsout thatlocalde�ni-
tionsonly work well for 1-dimensionalridges,but fail near
junctions.In contrast,watershedscan representjunctions
withoutdif�culties, becausearbitrarymany watershedlines
maymeetat a maximum.This makesthewatershedtrans-
form preferablefor anintegratedboundarydetectionalgo-
rithm thathandlesedges,junctionsandregionssimultane-
ouslyandconsistently.

The secondproblem is generallysolved by replac-
ing Maxwell's de�nition with somediscreteanalog.The
most commonone restricts�o wlines to a grid, i.e. water
canonly �o w horizontallyandvertically, possiblyalsodi-
agonally, see[7] for a survey of differentalgorithms.Dis-
cretewatershedalgorithmsare fastandrelatively simple,
andproduceconsistentlylinked boundarygraphsthat in-
cludebothedgesandjunctions.However, watershedscom-
putedon thegrid differ signi�cantly from their continuous
counterparts.Not only is the geometryrestrictedto pixel
accuracy, but onecommonlyencountersmissedor hallu-
cinatededgesandjunctionsbecausepixels in only a 4- or
8-neighborhoodcannotreveal thegeometryof thebound-
ary indicatorwith suf�cient certainty.

In this paperwe solve bothproblemsby applyingthe
watershedalgorithmin thecontinuousdomain, i.e.onadif-
ferentiablespline interpolationof the boundaryindicator.
To ourknowledge,thishasnotbeendonebeforein thecon-
text of imagesegmentation.Weshow thatthenew approach
hastwo importantadvantages:It keepsthetopologicalad-
vantagesof thewatershedtransform(closedcontours,arbi-
traryjunctionswithoutheuristics),andcombinesit with the
highsubpixelaccuracy of Canny'salgorithm.Wealsoshow
thatsubsequentrelevance�ltering (in awayverysimilar to
Canny'salgorithm)canremovetheoversegmentationtypi-
cally associatedwith thewatershedalgorithm.



2 The Exact WatershedTransform

In order to detectwatershedswith subpixel accuracy we
muststartwith Maxwell's original de�nition: watersheds
are �o wlines betweenmaximaand saddles.Practicalap-
plicationof this de�nition is simpli�ed if thefunctionf is
differentiable.Thena unique�o wline existsat everypoint
with non-zerogradient,and �o wlines can be traced(up-
wards)by integratingthefollowing differentialequation:

@~x(t)
@t

= r f (~x(t)) (1)

Numericalintegrationof (1) is stablenearawatershed,be-
causeall �o wlinesin aneighborhoodconvergeto thesame
maximum.Matterssimplify further if f is a Morse func-
tion [11], i.e. it is at leasttwice differentiable,andall crit-
ical points(pointsof zerogradient)are isolatedandhave
non-degenerateHessian.Thiseliminatesspecialcasessuch
asmonkey saddlesandplateausandallows to classifycrit-
ical pointsaccordingto thesignsof theHessian'seigenval-
ues:minima,maxima,andsaddleshave positive, negative
andmixedeigenvaluesrespectively.

For a long time,watershedalgorithmsbasedon these
assumptionshavebeenconsideredastooexpensivefor im-
ageanalysis.However, Steger [9] demonstratedtheoppo-
site by implementinga subpixel watershedalgorithm for
digital elevation maps,which we adaptand enhancefor
imagesegmentation.Key to his approachis thepossibility
to adaptively samplethe imageat any required(subpixel)
location by meansof an ef�cient spline interpolation.In
the presentpaper, we apply this ideato boundaryindica-
tor functions.In additionto cubicsplinesasin [9], wealso
investigatesplinesof order2, 5 and7. Splinesof ordern
possessn � 1 continuousderivativesandcanbeef�ciently
computedatany location~x = (x; y) by convolutionof dis-
cretesplinecoef�cients cij with continuousB-splinebasis
functions� n :

f (x; y) =
X

i;j

cij � n (i � x) � n (j � y) (2)

Thecoef�cients cij dependontheordern of thesplineand
canbecomputedfrom thesamplingvaluesf ij by acascade
of bn=2c �rst-order recursive �lters. Detailson thesecom-
putationscanbefoundin [10]. In orderfor thesplineto bea
goodapproximationof thecontinuousboundaryindicator,
the samplingdensityof the f ij mustbe suf�ciently high.
For small scales(up to � � 1), the boundaryindicators
mustbecomputedwith oversampling�lters [3].

Next, we mustdeterminethesaddlesandmaximaof
thespline.Therearetwo principlemethods.First,wecould
computethe gradientof (2) and set it to zero.For every
spline facet,this gives a polynomial systemin two vari-
ablesthat can be solved by standardmethods.Unfortu-
nately, thenumberof possiblesolutionsperfacetgrowsas
2n(n � 1) + 1 which quickly becomesimpractical,given

that only very few solutions(at most2 or 3 per facet)do
actuallyrepresentcritical pointsof f (~x). Therefore,an it-
erative algorithm is more adequate.Considerthe second
orderTaylorseriesexpansionof f (~x) arounda point~x0:

f (~x0 + ~x) = f (~x0) + r f (~x0)(~x � ~x0) +
1
2

(~x � ~x0)T H (~x0)(~x � ~x0) (3)

whereH (~x0) is theHessian.When~x0 + ~x is acritical point
(saddleor extremum),the gradientw.r.t. ~x of this expres-
sionmustbezero:

r f (~x0 + ~x) = r f (~x0) + H (~x0)(~x � ~x0) != 0 (4)

Solving for � ~x = (~x � ~x0) gives the following iteration
scheme:

~x(n +1) = ~x(n ) + � ~x(n )

� ~x(n ) = � H (~x(n ) )� 1 r f (~x(n ) ) (5)

It rapidly converges to a (usually nearby)critical point.
We improved Steger's algorithm in a seeminglysimple,
but critical respect:Stegerappliedtheabove iterationonly
whena critical point was �rst detectedat pixel accuracy,
and also requiredthe iteration to stay within the current
pixel. We droppedtheserestrictionsbecausemany critical
pointsweremissedthis way. To avoid missingpointswe
startiteratingat four pointswithin everypixel. Sincemany
pointsarenow foundmultiple times,we addedanef�cient
algorithmto eliminatemultipledetections.

Next, we solve (1) startingat every saddle.Sincethe
gradientat a saddleis zeroby de�nition, we cannotuseit
for theinitial step.Instead,wemakeuseof thefactthatthe
localshapeof anon-degeneratesaddleis completelydeter-
minedby theHessianH . Thus,theproperinitial directions
are @~x

@t

�
�
t =0

= � � ~e1 where~e1 is the unit eigenvectorcor-
respondingto thepositive eigenvalueof H , � = 0:1 is the
initial stepsize,andthesignselectsoneof thetwo opposite
watershedsstartingat every saddle.Subsequentstepsare
computedbymeansof asecond-orderRunge-Kuttamethod
with adaptivestepsizecontrolwhichensuresthata tracing
errorof 10� 4 is notexceeded.This translatesinto a typical
stepsizeof about0.1pixel.Wecouldincreasethestepsize
by usinghigher-orderRunge-Kuttamethods,asin [9], but
this is undesirablebecausewewanttheresultingpolygonal
arc to be a goodapproximationof the actualedge,which
would no longerbe the casewith larger steps,especially
nearcorners.Iterationis �nished whenthecurve'sdistance
from thenearestmaximumdropsbelow � .

Besidesits high geometricaccuracy, this algorithm
has a crucial advantage:In contrastto Canny's method,
whereedgeldetectionandedgellinking areseparatesteps,
Runge-Kutta �o wline tracingconnectsthedetectedpoints
into a polygonalarcautomaticallyandwithout any heuris-
tics.Thus,a largeportionof boundarylinking (step3) is al-
readydone.Subsequentlinking of thearcsinto aboundary
graphis alsosimpleastheir endpointsareexactly known.



Figure1. Left to right: Subregion of BrodatztextureD36;
watershedsfrom quadraticandquintic splines.Thebound-
ary indicatorwas� f ?g� , with g� aGaussianand� = 1:6.
Thissegmentationwasobtainedwith only two parameters:
theGaussian's scaleandthesplineorder(whosein�uence
is unnoticeablehere).Quadraticsplinescanbe usedif no
critical point fallsexactlyonafacetborder(wheretheHes-
sianis discontinuous).

Fig. 1 shows thegraphthusobtainedfor a Brodatztexture
image.However, aboundarygraphis notyetthe�nal result
of boundarylinking: In additionto edgesandjunctions,we
alsoneedthefacesof thegraph,i.e.theregionsof its planar
embedding.Hence,we transformthegraphinto a map[6]:

De�nition 1 A mapis a triple (D ; � ; � ) where D is a set
of half-edges, and� ; � are permutationson D. Theorbits
(cycles)of � musthavelength2 and pair half-edgesinto
edges,whereastheorbits of � determinethevertices(and
thusthemap'sconnectivity)andthecyclicorderof thehalf-
edgesaroundvertices.

Regionsthencorrespondto theorbitsof thecombined
permutation� = � � 1� . Every �o wline betweena maxi-
mumanda saddleis a half-edgeof themap.The � -orbits
areobtainedby pairingthetwo half-edgesthatmeetat the
samesaddle.We alsoknow which half-edgesmeetat each
junction.Toobtainthe� -orbits,wemustsorttheseedgesso
thattheirorderrepresentsacounter-clockwisecyclearound
the junction. Sorting is complicatedby the phenomenon
that watershedsoften converge tangentially towards the
maximum,cf. �g. 2. This is not an artifact of our imple-
mentation,but a well-known watershedproperty[2, 9]. In
theory, watershedsdo not meetbeforethemaximum,even
if they convergetangentially;however, dueto the�nite ac-
curacy of �o wline tracing,thecomputedpolygonalarcsdo
crossin practicewhen they are very closeto eachother.
Therefore,onecannotsimplyusetheanglesatwhich �o w-
lines leave the maximumto recover the orientationof the
graph. Instead,we apply the following algorithm to de-
terminethe orderingat the positionwherethe watersheds
eventuallydiverge:

1. Initialization: To recover the� -orderat junctionk lo-
catedat ~pk : Set the referencepoint ~pref = ~pk , refer-
enceangle' ref = 0rad. Let g bethe(unordered)set
of half-edgesstartingat ~pk .

2. For eachhalf-edgei in g �nd theintersection~pi of the
correspondingpolygonalarc with an r -circle around
~pref (weuser = 0:5). If thereareseveralintersections,

Figure2.Tangentialwatershedconvergenceatalocalmax-
imum. Top: illustration; bottom: actualwatershedson an
image– thesinglemaximumof theboundaryindicatorin
theROI is markedyellow, andthebluecirclesmark loca-
tionswherethehalf-edgesconverge(precisely, ther -circles
wherethe� -orderis eventuallyfound).

selecttheonewhosearclengthdistancefrom thehalf-
edge's start is maximum.If thereis no intersection,
usethehalf-edge'sendpoint.

3. For eachhalf-edgei in g calculatethe angle' i be-
tweenthe vector ~pi � ~pref and ' 0, measuredin the
interval � � < ' i � � . Sortg accordingto ' i .

4. Detecttangentialhalf-edges:Computethe difference
angles� ' i = ' i +1 � ' i . If � ' i < ' tang = 0:5rad;
half-edgesi andi + 1 areconsideredtangential.Group
the half-edgesof g into groupsĝm such that each
groupcontainsamaximalsequenceof tangentialhalf-
edges.If all groupshave only onemember, thereare
notangentialhalf-edges,andthealgorithmstops.Oth-
erwiserepeattheprocedurefor eachgroupwith sev-
eral members:Computea new referencepoint ~̂pref

andreferenceangle'̂ 0 asthe averageof the current
group's members,and goto 2. (The choiceof r and
' tang is not critical.)

In order to analyzeregion properties(e.g. for relevance
�ltering), onecanemploy standardpolygon�lling proce-
dureson thecontoursgivenby the� -orbits;we proposeto
leave the pixels intersectedby the boundaryunlabeledas
they arenot representative for any of theadjacentregions.

3 Boundary Indicator Functions

In this sectionwe de�ne the boundaryindicatorsthat we
are going to comparein section4. Ideally, the ridgesof
a boundaryindicatorcorrespondto theedgesin theorigi-
nal image,andits local maximacorrespondto cornersand
junctions.Themoststraightforwardchoiceis thegradient
squaredmagnitude:

b1 = f 2
x + f 2

y with (f x ; f y ) = (gx;� ; gy ;� ) ? f (6)

wheregx;� andgy ;� areGaussianderivative �lters at scale
� , whichalsoperformoversamplingwhen� � 1 [3]. How-
ever, thegradientsquaredgivesunsatisfyingresponsesnear



junctions– they don't usuallycorrespondto maximaand
canevenbeminima.Thus,it is customaryto integrateedge
informationoveraneighborhoodby meansof thestructure
tensor. Thetraceof this tensoris againa boundaryindica-
tor andcanbecomputedby Gaussiansmoothingof b1:

b2 = g� 0 ? b1 (7)

where� 0 � 2� is the integrationscale.This improvesthe
behavior nearjunctions,but it alsosmoothesperpendicular
to edges.Parallel edgesarethussmearedinto eachother,
which reducestheeffective resolutionof theboundaryin-
dicator. Thiscanbeavoidedby meansof ananisotropic�l-
ter thatonly integratesalongedges,but not perpendicular
to them,e.g.anhour-glassshaped�lter [3] de�ned by:

h� 0;� (~x; ~n) =

8
>><

>>:

e
� ~x T ~x

2� 02 � 1
2� 2

�
~n T

? ~x

~n T ~x

� 2

if ~nT ~x 6= 0
0 if ~nT ~x = 0; ~x 6= 0

1 if ~x = 0
(8)

where� 0 is the integrationscaleasbefore,� controlsthe
openingangleof thehour-glassandthusthedegreeof spa-
tial anisotropy, and~n is a unit vectordeterminingthe �l-
ter orientation.In our experiments,we use� = 0:4 corre-
spondingto anopeningangleof � 22� . At everypoint, the
�lter is orientedalongthe local edgedirection.This gives
thefollowing �ltering equation:

b3(~x) =
X

~x 0

h� 0;� (~x � ~x0; ~n(~x0)) b1(~x0) (9)

where~n(~x0) is theunit vectorperpendicularto thegradient
at point ~x0. An alternative to edgeintegrationaccordingto
(7) or (9) is theextensionof theboundarymodel:Thegra-
dient is insuf�cient to characterizejunctionsas it is only
sensitive to stepedges.A possibleextensionis thebound-
ary energy [4]. It canbe computedby a family of �lters
de�ned in theFourierdomainas:

F [tk ;� ] = e
�

k � r 2e� r 2 � 2 =2

whereF [:] denotesthe Fourier transform,(r; � ) arepolar
coordinatesin the Fourier domainand� is the scale.For
k = 0, this �lter is theLaplacianof Gaussian,andfor k >
0 we get the (complex valued)k th-orderRiesztransforms
of the Laplacian.The �lter pair for k = 1 is very similar
to thegradient(it hasthesameangularbehavior) andacts
asa stepedgedetector. Combiningthis with the �lters for
k = 0; 2, we obtainthe boundaryenergy which correctly
indicatesedges,linesandmany junctionstypes[4]:

b4 = jt0;� ? f j2 + 2jt1;� ? f j2 + jt2;� ? f j2 (10)

wherej:j is the pointwisemagnitudeof thecomplex �lter
result.Yet anotherprinciple is appliedby the SUSANop-
erator [8]. Its underlyingassumptionis that pixels within

a homogeneousregion have similar intensities.Therefore,
whenonemeasuresthe averagesimilarity of a pixel with
its neighbors,oneexpectsminima at junctionsandedges.
Theaveragesimilarity is invertedanda threshold
 added
to gettheSUSANboundaryindicator:

b5(~x) = max

 

0; 
 �
X

~x 02W (~x )

e�
�

f ( ~x ) � f ( ~x 0)
�

� 6
!

(11)

whereW(~x) is a window around~x, and� scalesthesimi-
larity of intensities.

4 Experiments

In our experiments,we computedtheboundaryindicators
b1 to b5, interpolatedthem with splinesof order 2 to 5
andcomputedtheexactwatershedtransform.For compari-
son,wealsodeterminedpixel-basedwatershedsandCanny
edgels.To isolatethe propertiesof thesealgorithmsw.r.t.
boundarydetectionandlinking, we �rst performedexperi-
mentswithoutany relevance�ltering. Fig. 3 illustratesim-
portant resultson the well-known “blox” image(3.1). It
doesnot contain very small objects,so we can work at
scaleswhereno oversamplingis necessary. As expected,
pixel-basedwatersheds(3.2) result in low geometricac-
curacy and signi�cant oversegmentation,and inter-pixel
(crack-edge)onesfareonly slightly better(3.3). Canny's
algorithm (3.4) producesrelatively accurateedges,but it
leaves gapsof about twice the gradientscalenear junc-
tions,andthis signi�cantly complicatesboundarylinking.
The exact watershedalgorithm achieves both high geo-
metric accuracy andcompletelylinked boundaries(3.5 to
3.7).Thequintic splineslightly reducesoversegmentation
comparedwith quadraticandcubicsplines.No furtherim-
provementis achieved by going to a seventhorderspline
(notshown). Theseresultswereall obtainedfrom identical
gradientmagnitudedata,only thewatershedalgorithmwas
changed.In the remainingexperiments,we will compare
alternative boundaryindicatorsusing the quintic spline-
basedwatershedtransform.The hour-glassoperator(3.8)
givesthebestresults:oversegmentationis furtherreduced,
andgeometricaccuracy of the junctionresponseimproves
(especiallyvisibleat theT-junctionsin thelowerpartof the
ROI). The boundaryenergy (3.9) also improvesthe junc-
tion response,but it is slightly moresusceptibleto noise.
Finally, theSUSANoperator(3.10)seemsto bea lessuse-
ful boundaryindicatorfor theexactwatershedtransform.

Resultsat low resolutionare shown in Fig. 4: The
tiling of thebuilding'swall is only coarselysampled– the
smallesttiles (small white triangles)have a diameterof
only 4 pixels.Thegradientmagnituderesult(4.2)exhibits
theusualoversegmentation,but thereis alsoa severesys-
tematicerror: The operatorhallucinatesnon-existing tiles
at the cornersof the actualones,becausesuchcon�gu-
rations(saddlejunctions)arenot coveredby the gradient
edgemodel.In principle,this kind of errorcanbeavoided
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Figure3. Evaluationof the exact watershedalgorithm.1)
original image,ROI marked in yellow; 2) pixel-basedwa-
tershedsof b1 (� = 1:6); 3) inter-pixel (crackedge)water-
shedsof b1; 4) Canny edgelsfrom Gaussiangradientwith
� = 1:6; 5 to 9: exactwatersheds:5) order2 interpolation
of b1; 6) order 3 interpolationof b1; 7) order 5 interpo-
lation of b1; 8) dto. for b3 (� = 1:1; � 0 = 2:2); 9) dto.
for b4 (� = 1:1); 10) dto. for b5 (window radius= 3:4,

 = jjW jj ; � = 15). Maxima of the boundaryindicators
aremarkedin yellow.

by usingthestructuretensor(4.3),but in this imageit does
notworkwell: Dueto thelow resolution,smallregions(e.g.
thewhite triangles)arecompletelylost,anddueto uneven
edgecontrast,theedgegeometryis signi�cantly distorted.
In contrast,analmostperfectsegmentationis achievedby
thenonlinearhour-glass�lter (4.4).

Finally, wereportanexperimentwith relevance�lter -
ing similarto Canny'shysteresisthresholding:Wecompute
theminimal boundarystrengthfor eachedgeandthecon-
trastbetweenthemeansof theadjacentregions,weighted
by theiraveragearea.An edgeis removedif bothmeasures
arebelow a threshold,�g. 5. Thesecondmeasurereplaces
Canny's upper thresholdwhich would make no sensein
the context of the watershedtransformbecauseall edgels
form a singleconnectedcomponent.The exact watershed
result containsfewer irrelevant edges,becausehigh geo-
metric accuracy indirectly improvesthe expressivenessof
therelevancemeasures.Thedifferencein accuracy canbe
directlymeasuredby �tting linesto thestraigthedgesof the
scene.For example,theRMSresidualsfor theedgemarked
by anarrow are0.57pixelsfor thediscretevs. 0.10pixels
for theexactalgorithm,giventhesameraw data.

5 Conclusions

In this paperwe analyzedboundarydetectionwith an ex-
actwatershedtransform.This algorithmcombinesthead-
vantagesof the discretewatershedtransformandCanny's
method: It producesconnectedboundarygraphs,and it
�nds edgeswith sub-pixel accuracy. We thusdemonstrated
thatboth topologyandgeometryaredeterminedmoreac-
curatelythanwasproviously possible.Resultscanbe fur-
ther improved by selectingappropriateboundaryindica-
tor functions(e.g.thehour-glass�ltered gradient),andthe
methodcouldbeadaptedto new applications(e.g.texture
analysis)by changingtheboundaryindicator.

The high geometricaccuracy of the exact watershed
transformmakes it a prime candidatefor tasksinvolving
geometricmeasurements,suchas3D reconstruction.Fur-
thermore,we arecurrentlyinvestigatingnew classesof ge-
ometricedgerelevancecriteria which would be too inac-
curateandthereforeuselesson pixel-basededges.On the
otherhand,exactwatershedcomputationmaybetoo slow
for certaintasks(on a 256� 256 image,it takesabout10
secondson a PentiumM, 1.7GHz),but it canstill beused
asareferencealgorithmduringsolutiondevelopmentin or-
derto checkhow muchinformationis in thedata.

A problemwith ourmethodis tangentialconvergence
of watersheds:Whenwatershedscomevery closeto each
other, we humansperceive this asa junction,but the data
tell otherwise.Therearetwo possiblesolutions:First, we
canexplicitly placeadditionalverticesat suchpoints.This
is topologicallytrivial, but �nding thecorrectmodi�ed ge-
ometryis muchharder. Alternatively, we canseekbound-
ary indicatorsthathave maximaat all perceptuallysignif-
icant junctions,but this is alsoa hardproblem.This issue
will bediscussedin a futurepublication.
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Figure4.1) originalimagewith ROI (30� 58pixels,thesmalltriangulartilesare� 4pixelsin diameter);2) order5 interpolation
of b1 (� = 0:9, oversampling);3)dto.for b2 (� = 0:7; � 0 = 1:4, oversampling);4)dto.for b3 (� = 0:9; � 0 = 1:8, oversampling)

Figure5. Pixel-based(top) andexact (bottom)watersheds
afterrelevance�ltering with thesamecriteria.Theoriginal
oversegmentationis overlaidin light gray. Whena straight
line is �tted to the edgeindicatedby an arrow, the RMS
errosare0.57(top image)and0.10(bottom)respectively.
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