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Abstract

Discretealgorithmsfor low-level boundarydetectionare
geometricallyinaccurateandtopologicallyunreliable Cor-
respondingcontinuousmethodsare often more accurate
andneedfewer or no heuristics Thus,we transferdiscrete
boundaryindicatorsinto a continuousform by meansof
differentiablesplineinterpolationanddetectboundariesis-
ing theexactwatershedransformWe demonstratéhatthis
signi cantly improvesthe obtainedsegmentations.
keywords: sub-pixel sgmentationwatershedssplines

1 Intr oduction

Edge detectionand segmentationare fundamentaltasks
in imageanalysis But corventionalalgorithmsoften miss
parts of the true boundary or hallucinate non-existing
boundariesUsually, theseerrorsareattributedto noiseand
low contrastbut this cannotbe the wholetruth: Errorsoc-
cur evenundergoodconditionsmainly nearjunctionsand
in areaswith smallor narrov objects.In this paperwe will
investigatehow a continuousapproach helpsin overcom-
ing theseproblemsWe considefow-level boundarydetec-
tion asafour-stepprocessywhosemostprominentexample
is Cannysalgorithm[1]:

1. A boundaryindicator extractsa measuref boundary
strengthfrom animage,e.g.thegradientmagnitude.

2. During boundary detection(“non-maxima suppes-
siorT’), boundarypointsare extractedfrom the pixel-
wise outputof the boundaryindicator

3. Thesepointsareconnectednto a completeboundary
graphduringthe boundarylinking stage.

4. Suitablerelevance ltering (e.g.hysteresighreshold-
ing) is appliedto remove insigni cant boundariesand
createa perceptuallyneaningfulresult.

It is importantto notethatthesestepscanbe variedrela-
tively independentlyof eachother, provided that suitable
interfacesare de ned. In Canry's algorithm, step2 usu-
ally achieveslocalizationaccurag signi cantly below the
pixel size,but step3 is lesssatisfying,asit heavily relieson

heuristicsaanddoesnotalwaysleadto topologicallyconsis-
tentresults.In this paperwe will employ the exactwater

shedtransformfor steps2 and3.

In the context of the watershedransform,we think
of boundariegsridgesof the boundaryindicatorfunction.

The formal de nition of watershedridgeswas given by
Maxwell [5]: A watersheds a o wline thatconnectslocal
maximumwith a saddlepoint, wherea o wline is de ned
asthe curve alongwhich a drop of waterrunsdownward
alongthelocalgradientThisde nition hastwo drawvbacks:
First, one cannotdecidelocally whethera given o wline
endsata saddlej.e. whetherit is indeeda watershedSec-
ond, o wlinesareonly uniquelyde ned whenthefunction
is differentiableandall critical pointsareisolated.

To avoid the rst problem,alternatve ridge de ni-
tions have beenproposecdthat can be evaluatedindepen-
dentlyat every pixel. Canry's local maximaalongthe gra-
dientdirectionandthe zerocrossingf the Laplacianare
two commonexamples.A comparisorof alternatvescan
befoundin [2]. Unfortunatelyit turnsoutthatlocal de ni-
tionsonly work well for 1-dimensionatidges,but fail near
junctions.In contrast,watershedsan represenfjunctions
withoutdif culties, becausarbitrarymary watershedines
may meetat a maximum.This makesthe watershedrans-
form preferablefor anintegratedboundarydetectionalgo-
rithm thathandlessdgesjunctionsandregionssimultane-
ouslyandconsistently

The secondproblemis generallysolved by replac-
ing Maxwell's de nition with somediscreteanalog.The
most commonone restricts o wlines to a grid, i.e. water
canonly ow horizontallyandvertically, possiblyalsodi-
agonally see[7] for a surwey of differentalgorithms.Dis-
cretewatershedalgorithmsare fastandrelatively simple,
and produceconsistentlylinked boundarygraphsthat in-
cludebothedgesandjunctions.However, watershedsom-
putedon the grid differ signi cantly from their continuous
counterpartsNot only is the geometryrestrictedto pixel
accurag, but one commonlyencountersnissedor hallu-
cinatededgesandjunctionsbecauseixelsin only a 4- or
8-neighborhoodannotreveal the geometryof the bound-
ary indicatorwith sufcient certainty

In this paperwe solve both problemsby applyingthe
watershedlgorithmin thecontinuousilomain i.e. onadif-
ferentiablespline interpolationof the boundaryindicator
To ourknowledge thishasnotbeendonebeforein thecon-
text of imagesegmentationWe show thatthenew approach
hastwo importantadvantagestt keepsthe topologicalad-
vantage®f thewatershedransform(closedcontoursarbi-
traryjunctionswithoutheuristics)andcombinest with the
highsubpixelaccurag of Canry'salgorithm.We alsoshov
thatsubsequenelevance ltering (in away very similarto
Canry'salgorithm)canremove the oversgmentatiortypi-
cally associateavith the watershedlgorithm.



2 The Exact WatershedTransform

In orderto detectwatershedsvith subpibel accurag we
must startwith Maxwell's original de nition: watersheds
are o wlines betweenmaximaand saddles Practicalap-
plication of this de nition is simpli ed if thefunctionf is
differentiable Thena unique o wline existsat every point
with non-zerogradient,and o wlines can be traced (up-
wards)by integratingthefollowing differentialequation:

@ (1) _

a ' f(x(t) 1)
Numericalintegrationof (1) is stablenearawatershedbe-
causall o wlinesin aneighborhoodorvergeto thesame
maximum.Matterssimplify furtherif f is a Morse func-
tion [11], i.e. it is at leasttwice differentiableandall crit-
ical points (pointsof zerogradient)areisolatedand have
non-deggeneratélessianThis eliminatesspecialcasesuch
asmonkey saddlesandplateausandallows to classifycrit-
ical pointsaccordingo thesignsof theHessiars eigerval-
ues:minima, maxima,andsaddleshave positive, negative
andmixedeigervaluesrespectiely.

For alongtime, watershedlgorithmsbasedn these
assumptionbave beenconsideredstoo expensvefor im-
ageanalysis.However, Steger [9] demonstratedhe oppo-
site by implementinga subpixel watershedalgorithm for
digital elevation maps,which we adaptand enhancefor
imageseggmentationKey to his approacthis the possibility
to adaptively samplethe imageat ary required(subpixel)
location by meansof an efcient spline interpolation.In
the presentpaper we apply this ideato boundaryindica-
tor functions.In additionto cubicsplinesasin [9], we also
investigatesplinesof order2, 5 and7. Splinesof ordern
possess 1 continuoudlerivativesandcanbeef ciently
computedatary locationx = (x; y) by corvolution of dis-
cretesplinecoefcients ¢ with continuousB-splinebasis
functions ,:

X
fxy)= ¢ (i x) n(G Y 2
ij

Thecoefcients ¢; dependntheordern of thesplineand
canbecomputedrom thesamplingvaluesf j; by acascade
of bn=2c rst-order recursve Iters. Detailsonthesecom-
putationscanbefoundin [10Q]. In orderfor thesplineto bea
goodapproximatiorof the continuousboundaryindicator,
the samplingdensityof the f;; mustbe sufciently high.
For small scales(up to 1), the boundaryindicators
mustbe computedwith oversamplinglters [3].

Next, we mustdeterminethe saddlesand maximaof
thespline.Therearetwo principlemethodsFirst,we could
computethe gradientof (2) and setit to zero. For every
spline facet, this gives a polynomial systemin two vari-
ablesthat can be solved by standardmethods.Unfortu-
nately the numberof possiblesolutionsperfacetgrows as
2n(n 1) + 1 which quickly becomesmpractical,given

thatonly very few solutions(at most2 or 3 perfacet)do
actuallyrepresentritical pointsof f (). Thereforeanit-

eratve algorithmis more adequateConsiderthe second
orderTaylor seriesexpansiorof f (%) arounda pointg:

f(xo+ %) = f(x)+rf(x)(* xo0)+

2 THEOx %) @

whereH (%) istheHessianWhenxg + x is acritical point
(saddleor extremum),the gradientw.r.t. ¥ of this expres-
sionmustbe zero:

rf(xo+ %) =1 f(x)+ H()(x %0)=0 (4)

Solvingfor x = (% o) givesthe following iteration
scheme:

x(M*D) = () 4 ()

¥M = HEM) Trf M) (5)
It rapidly corvergesto a (usually nearby)critical point.
We improved Steger's algorithm in a seeminglysimple,
but critical respectStegerappliedthe abore iterationonly
whena critical point was rst detectedat pixel accurag,

and also requiredthe iterationto stay within the current
pixel. We droppedtheserestrictionsbecausenary critical

points were missedthis way. To avoid missingpointswe
startiteratingat four pointswithin every pixel. Sincemary
pointsarenow foundmultiple times,we addedanef cient

algorithmto eliminatemultiple detections.

Next, we solve (1) startingat every saddle Sincethe
gradientat a saddleis zeroby de nition, we cannotuseit
for theinitial step.Insteadwe make useof thefactthatthe
local shapeof anon-deggeneratesaddleis completelydeter
minedby theHessiarH . Thus,the properinitial directions
are % =0 = €1 wheree; is the unit eigervectorcor
respondingo the positive eigervalueof H, = 0:1isthe
initial stepsize,andthesignselectoneof thetwo opposite
watershedstartingat every saddle.Subsequenstepsare
computedy meansf asecond-ordeRunge-Kuttamethod
with adaptie stepsizecontrolwhich ensureshatatracing
errorof 10 “ is notexceededThistranslatesnto atypical
stepsizeof about0.1 pixel. We couldincreasd¢hestepsize
by usinghigherorderRunge-Kuttamethodsasin [9], but
thisis undesirabldecauseve wanttheresultingpolygonal
arcto be a goodapproximationof the actualedge,which
would no longer be the casewith larger steps,especially
nearcornerslterationis nished whenthecurve'sdistance
from the nearestaximumdropsbelow

Besidesits high geometricaccurag, this algorithm
hasa crucial advantage:In contrastto Canry's method,
whereedgeldetectionandedgellinking areseparateteps,
Runge-Kutta o wline tracingconnectshe detectedooints
into a polygonalarc automaticallyandwithout ary heuris-
tics. Thus,alargeportionof boundarylinking (step3) is al-
readydone.Subsequentinking of thearcsinto aboundary
graphis alsosimpleastheir endpointsareexactly known.



Figure 1. Left to right: Subrejion of Brodatztexture D36;
watershedfrom quadraticandquintic splines.The bound-
aryindicatorwas f ?g ,withg aGaussiamnd = 1:6.
This sggmentationwasobtainedwith only two parameters:
the Gaussiars scaleandthe splineorder(whosein uence
is unnoticeabléhere).Quadraticsplinescanbe usedif no
critical pointfalls exactly onafacetborder(wheretheHes-
sianis discontinuous).

Fig. 1 shows the graphthusobtainedfor a Brodatztexture
image .However, aboundarygraphis notyetthe nal result
of boundanylinking: In additionto edgesandjunctions,we
alsoneedthefacesof thegraph,i.e.theregionsof its planar
embeddingHence we transformthe graphinto a map|[6]:

De nition 1 A mapis atriple (D; ; ) wheeD is a set
of half-edgesand ; are permutationsonD. Theorbits
(cycles)of musthavelength2 and pair half-edgesinto
edges,wherasthe orbits of  determinethe vertices(and
thusthemap'sconnectivityandthecyclicorderof thehalf-
edgesaroundvertices.

Regionsthencorrespondo theorbitsof thecombined
permutation = 1. Every owline betweena maxi-
mum anda saddleis a half-edgeof themap.The -orbits
areobtainedby pairingthetwo half-edgeghatmeetat the
samesaddle We alsoknow which half-edgesneetat each
junction.To obtainthe -orbits,wemustsorttheseedgeso
thattheirorderrepresentacounterclockwisecyclearound
the junction. Sorting is complicatedby the phenomenon
that watershedsften corverge tangentially towards the
maximum,cf. g. 2. This is not an artifact of our imple-
mentation put a well-known watershedroperty[2, 9]. In
theory watershedslo not meetbeforethe maximum,even
if they cornvergetangentially;however, dueto the nite ac-
curag of o wline tracing,the computedpbolygonalarcsdo
crossin practicewhenthey are very closeto eachother
Thereforepnecannotsimply usetheanglesatwhich o w-
lines leave the maximumto recover the orientationof the
graph. Instead,we apply the following algorithm to de-
terminethe orderingat the positionwherethe watersheds
eventuallydiverge:

1. Initialization: To recoverthe -orderatjunctionk lo-
catedat py: Setthe referencepoint pret = px, refer
enceangle' ¢ = Orad. Let g bethe (unorderedpet
of half-edgesstartingat py .

2. For eachhalf-edge in g nd theintersectiorg; of the
correspondingpolygonalarc with anr-circle around
Pret (Weuser = 0:5). If thereareseveralintersections,

Figure2. Tangentialvatersheatorvergenceatalocalmax-
imum. Top: illustration; bottom: actualwatershedon an
image— the singlemaximumof the boundaryindicatorin
the ROI is markedyellow, andthe blue circlesmark loca-
tionswherethehalf-edgexonverge(preciselyther -circles
wherethe -orderis eventuallyfound).

selectheonewhosearclengthdistancdrom thehalf-
edges startis maximum.If thereis no intersection,
usethe half-edgesendpoint.

3. For eachhalf-edgei in g calculatethe angle' ; be-
tweenthe vectorp;,  prer and' o, measuredn the

interval <'y . Sortg accordingo ' ;.

4. Detecttangentialhalf-edgesComputethe difference
angles ' ="ju "i.lf ' <'ng= O5rad
half-edges andi + 1 areconsideredangential Group
the half-edgesof g into groups@m suchthat each
groupcontainsamaximalsequencef tangentiahalf-
edgeslf all groupshave only onememberthereare
notangentiahalf-edgesandthealgorithmstops Oth-
erwiserepeatthe procedurdor eachgroupwith ses-
eral members:Computea new referencepoint 6ref
andreferenceangley asthe averageof the current
group's membersand goto 2. (The choiceof r and
' tangiS Notcritical.)

In orderto analyzeregion properties(e.g. for relevance
Itering), onecanemplgy standardpolygon lling proce-
dureson the contoursgivenby the -orbits; we proposeo
leave the pixels intersectedby the boundaryunlabeledas
they arenotrepresentatie for ary of theadjacentegions.

3 Boundary Indicator Functions

In this sectionwe de ne the boundaryindicatorsthat we

are going to comparein section4. Ideally, the ridges of

a boundaryindicatorcorrespondo the edgesn the origi-

nalimage,andits local maximacorrespondo cornersand
junctions.The moststraightforward choiceis the gradient
squarednagnitude:

b= f2+ 17 with (fxify)= (g 19y )?f  (6)

whereg,. andgy; areGaussiarderivative lters atscale
, Whichalsoperformoversamplingvhen 1[3]. How-
ever, thegradientsquaredjivesunsatisfyingesponsesear



junctions— they don't usually correspondo maximaand
canevenbeminima.Thus,it is customanyto integrateedge
informationoveraneighborhoody meansof thestructue
tensor Thetraceof this tensoris againa boundaryindica-
tor andcanbe computedy Gaussiarsmoothingof by :

b=go?b (7)

where © 2 istheintegrationscale.This improvesthe
behaior nearjunctions,but it alsosmootheperpendicular
to edges Parallel edgesare thus smearednto eachother
which reduceghe effective resolutionof the boundaryin-
dicator This canbeavoidedby meansf ananisotropicl-
ter thatonly integratesalongedgesbut not perpendicular
tothem,e.g.anhourglassshapediter [3] de ned by:

8 % 1 R 2

e ¥ 7 i ifpTxE 0
hQ(x;ﬁ)zgo ifRTx=0;%x60

1 if x=0
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where Cis the integrationscaleasbefore, controlsthe
openingangleof thehourglassandthusthedegreeof spa-
tial anisotropy, andn is a unit vectordeterminingthe I-
ter orientation.In our experimentswe use = 0:4 corre-
spondingo anopeningangleof 22 . At every point,the
Iter is orientedalongthe local edgedirection.This gives
thefollowing ltering equation:

X
bs(¥) = ho (x x%A(x9) bi(x) 9)

%0

wheren(xY) is theunit vectorperpendiculato thegradient
atpointx°. An alternatve to edgeintegrationaccordingto
(7) or (9) is the extensionof theboundarymodel: Thegra-
dientis insufcient to characterizgunctionsasit is only
sensitve to stepedgesA possibleextensionis the bound-
ary enegy [4]. It canbe computedby a family of lters
de nedin the Fourierdomainas:

Flte. 1= e* r2e " °=2

whereF [:] denoteghe Fourier transform,(r; ) arepolar
coordinatesn the Fourierdomainand is the scale.For
k = 0, this Iter is the Laplacianof Gaussianandfor k >
0 we getthe (complex valued)k"-order Riesztransforms
of the Laplacian.The Iter pairfor k = 1 is very similar
to the gradient(it hasthe sameangularbehaior) andacts
asa stepedgedetector Combiningthis with the Iters for
k = 0; 2, we obtainthe boundaryenegy which correctly
indicatesedgesl|inesandmary junctionstypes[4]:

by = jto. ?2fj%+ 2ty 2fj2+ jto, 2fj? (10)

wherej;j is the pointwisemagnitudeof the complex Iter
result. Yet anotherprinciple is appliedby the SUSANop-
erator [8]. Its underlyingassumptioris that pixels within

a homogeneousegion have similar intensities.Therefore,
whenone measureshe averagesimilarity of a pixel with
its neighborspne expectsminima at junctionsandedges.
The averagesimilarity is invertedanda threshold added
to getthe SUSAN boundaryindicator:

!
X f(x) f(x% ©
bs(%) = max O; e (11)
x02W (%)

whereW () is awindow aroundx, and scaleshe simi-
larity of intensities.

4 Experiments

In our experimentswe computedthe boundaryindicators
b to bs, interpolatedthem with splinesof order2 to 5
andcomputedhe exactwatershedransform For compari-
son,we alsodeterminegixel-basedvatershedandCanry
edgels.To isolatethe propertiesof thesealgorithmsw.r.t.
boundarydetectionandlinking, we rst performedexperi-
mentswithoutary relevance Itering. Fig. 3 illustratesim-
portantresultson the well-known “blox” image (3.1). It
doesnot contain very small objects,so we canwork at
scaleswhereno oversamplingis necessaryAs expected,
pixel-basedwatershedg3.2) resultin low geometricac-
curag/ and signi cant overs@mentation,and inter-pixel
(crack-edge)pnesfare only slightly better(3.3). Canry's
algorithm (3.4) producesrelatively accurateedges,but it
leaves gapsof abouttwice the gradientscalenearjunc-
tions, andthis signi cantly complicatesboundarylinking.
The exact watershedalgorithm achieves both high geo-
metric accurag and completelylinked boundarieq3.5 to
3.7). The quintic splineslightly reducesoversggmentation
comparedvith quadraticandcubicsplines.No furtherim-
provementis achieved by going to a seventhorderspline
(notshawn). Theseresultswereall obtainedrom identical
gradientmagnitudedata,only thewatershedlgorithmwas
changedln the remainingexperimentswe will compare
alternatve boundaryindicatorsusing the quintic spline-
basedwatershedransform.The hourglassoperator(3.8)
givesthebestresults:oversgmentatioris furtherreduced,
andgeometricaccurag of the junctionresponsémproves
(especiallyisible atthe T-junctionsin thelower partof the
ROI). The boundaryenegy (3.9) alsoimprovesthe junc-
tion responsebut it is slightly more susceptibleo noise.
Finally, the SUSANoperator(3.10)seemgo bealessuse-
ful boundaryindicatorfor the exactwatershedransform.
Resultsat low resolutionare shavn in Fig. 4: The
tiling of thebuilding'swall is only coarselysampled- the
smallesttiles (small white triangles) have a diameterof
only 4 pixels. The gradientmagnituderesult(4.2) exhibits
the usualoversg@gmentationput thereis alsoa severesys-
tematicerror: The operatorhallucinatesnon-«isting tiles
at the cornersof the actual ones,becausesuch con gu-
rations(saddlejunctions)are not coveredby the gradient
edgemodel.In principle,this kind of errorcanbe avoided
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Figure 3. Evaluationof the exact watershedalgorithm. 1)
original image,ROI markedin yellow; 2) pixel-basedva-
tershedof by (= 1:6); 3) inter-pixel (crackedge)water
shedsof by ; 4) Canry edgelsfrom Gaussiargradientwith

= 1.6; 5to 9: exactwatersheds5) order2 interpolation
of by; 6) order 3 interpolationof by; 7) order5 interpo-
lation of by; 8) dto.for by ( = L1:1; © = 2:2); 9) dto.
for by ( = 1:1); 10) dto. for bs (window radius= 3:4,

= jjWijj; = 15). Maximaof the boundaryindicators
aremarkedin yellow.

by usingthestructuretensor(4.3), but in thisimageit does
notwork well: Dueto thelow resolutionsmallregions(e.g.
thewhite triangles)arecompletelylost, anddueto uneven
edgecontrastthe edgegeometryis signi cantly distorted.
In contrastanalmostperfectsggmentatiornis achiezed by
thenonlinearhourglasslter (4.4).

Finally, we reportanexperimentwith relevance lter -
ing similarto Canry'shysteresishresholding\We compute
the minimal boundarystrengthfor eachedgeandthe con-
trastbetweenthe meansof the adjacentregions,weighted
by their averagearea An edgeis removedif bothmeasures
arebelowv athreshold,g. 5. Thesecondmeasuraeplaces
Canry's upperthresholdwhich would make no sensein
the context of the watershedransformbecausall edgels
form a single connecteccomponentThe exact watershed
result containsfewer irrelevant edges,becausehigh geo-
metric accurag indirectly improvesthe expressienessof
therelevancemeasuresThe differencein accurag canbe
directlymeasuretby tting linestothestraigthedgesf the
sceneFor example theRMS residualgor theedgemarked
by anarrow are0.57 pixelsfor the discretevs. 0.10pixels
for theexactalgorithm,giventhe sameraw data.

5 Conclusions

In this paperwe analyzedboundarydetectionwith an ex-
actwatershedransform.This algorithm combineshe ad-
vantagesf the discretewatershedransformand Canry's
method: It producesconnectedboundarygraphs,and it
nds edgeswith sub-pixel accurag. We thusdemonstrated
that both topologyandgeometryare determinednoreac-
curatelythanwas proviously possible Resultscanbe fur-
ther improved by selectingappropriateboundaryindica-
tor functions(e.g.the hourglass ltered gradient),andthe
methodcould be adaptedo new applicationge.g.texture
analysis)y changingthe boundaryindicator

The high geometricaccurag of the exact watershed
transformmalkesit a prime candidatefor tasksinvolving
geometricmeasurementsuchas 3D reconstructionFur-
thermorewe arecurrentlyinvestigatingnew classe®f ge-
ometric edgerelevancecriteria which would be too inac-
curateandthereforeuseleson pixel-basededges.On the
otherhand,exactwatershedcomputatiormay betoo slow
for certaintasks(ona 256 256image,it takesabout10
second®naPentiumM, 1.7 GHz), but it canstill be used
asareferencelgorithmduringsolutiondevelopmenin or-
derto checkhow muchinformationis in thedata.

A problemwith our methods tangentiaktorvergence
of watershedswhenwatershedgomevery closeto each
other we humansperceve this asa junction, but the data
tell otherwise.Therearetwo possiblesolutions:First, we
canexplicitly placeadditionalverticesat suchpoints.This
is topologicallytrivial, but nding the correctmodi ed ge-
ometryis muchharder Alternatively, we canseekbound-
ary indicatorsthat have maximaat all perceptuallysignif-
icantjunctions,but this is alsoa hardproblem.This issue
will bediscussedh afuture publication.



Figure4. 1) originalimagewith ROI (30 58pixels,thesmalltriangulartilesare 4 pixelsin diameter)?2) order5interpolation
ofby (= 0:9,oversampling)3)dto.forb, ( = 0:7; 9= 1.4, oversampling)#)dto.forbs ( = 0:9; °= 1:8, oversampling)

Figure5. Pixel-basedtop) andexact (bottom)watersheds
afterrelevance ltering with the samecriteria. Theoriginal
overs@mentatioris overlaidin light gray. Whena straight
line is tted to the edgeindicatedby an arrow, the RMS
errosare0.57 (topimage)and0.10(bottom)respectiely.
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