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ABSTRACT 

A conc ise d e r i v a t i o n is g iven f o r a 
compact non l i nea r equa t ion which s p e c i f i e s 
p o s s i b l e 3D r o t a t i o n s o f r i g i d o b j e c t s , 
compat ib le w i t h measurements o f f i v e o b j e c t 
p o i n t s in two v iews. The i n s i g h t p rov ided by 
d i r e c t geomet r ica l i n t e r p r e t a t i o n o f t h i s 
equat ion = which con ta ins ULLMAN's p o l a r 
equat ion as a s p e c i a l case - may be e x p l o i t e d 
f o r a t tempts to ca tego r i ze the set o f p o s s i b l e 
s o l u t i o n s . 

1 INTRODUCTION 

E f f o r t s towards an improved i n t e r p r e t a t i o n 
of image sequences from scenes w i t h moving 
o b j e c t s r e c e n t l y concent ra ted on approaches to 
d e r i v e a 3D d e s c r i p t i o n of r i g i d moving 
o b j e c t s and t h e i r space t r a j e c t o r y . In the 
case o f o r thog raph ic p r o j e c t i o n , the 
mathematical problems have been so lved through 
the " s t r u c t u r e - f r o m - m o t i o n " theorem of ULLMAN 
[ 8 ] . I n the case o f pe r spec t i ve p r o j e c t i o n , 
va r i ous approaches have been used to d e r i v e 
equat ions f o r t he unknown 3D p o i n t coo rd ina tes 
and mot ion parameters - see [ 1 , 2 , 4 , 5 , 6 ] . 
Usua l l y m in im i za t i on approaches are employed 
i n order t o o b t a i n s o l u t i o n s . I n spec ia l 
s i t u a t i o n s , some of the unknowns can be 
e l i m i n a t e d , y i e l d i n g fo r example the " p o l a r 
equa t i on " in LB] . I t can be shown tha t the 
image measurements o f a t l eas t f i v e p o i n t s in 
a t l e a s t two views are requ i red in order to 
determine the remaining unknowns - see the 
re fe rences quoted above and [ 9 ] . For t h i s 
bas ic s i t u a t i o n , NAGEL [ 3 ] de r i ved a compact 
equat ion f o r the unknown parameters s p e c i f y i n g 
the r o t a t i o n o f the r i g i d ob j ec t r e l a t i v e t o 
the sensor between the f i r s t and second image 
frame. This equat ion can be w r i t t e n down in 
two l i n e s r a the r than two pages requ i red f o r a 
f u l l s p e c i f i c a t i o n o f ULLMAN's " p o l a r 
equa t ion " which t u rns out to be a spec ia l case 
o f i t . 

One of us (B.N.) found a very conc ise 
d e r i v a t i o n o f t h i s equat ion and the ensueing 
d i scuss ion uncovered an immediate geomet r i ca l 
i n t e r p r e t a t i o n f o r i t and - a f o r t i o r i - f o r 

ULLMAN's "po la r e q u a t i o n " . Based on these 
i n s i g h t s i n t o the problem, i t appears 
promis ing t o i n v e s t i g a t e m u l t i p l e 
i n t e r p r e t a t i o n s which might s a t i s f y the 
measurements in two v iews, e s p e c i a l l y 
degenerate ones which might upset m i n i m i z a t i o n 
approaches. 

II A COMPACT FORMULA FOR 3D RECONSTRUCTION 

Let us assume t h a t a c e r t a i n number of 
pe rspec t i ve views of a r i g i d ob j ec t can be 
ob ta ined . E i t h e r o b j e c t o r observer o r bo th 
may be in mot ion , so t h a t in genera l each view 
w i l l show a d i f f e r e n t aspect o f the o b j e c t . 
We s h a l l f u r t h e r assume t h a t a c e r t a i n number 
o f p o i n t s r i g i d l y f i x e d to the o b j e c t can be 
t raced through each v iew. Both, 3D-s t ruc tu re 
and mot ion of these p o i n t s are unknown and 
u n r e s t r i c t e d except o f the r i g i d i t y 
c o n s t r a i n t . In the f o l l o w i n g a vec to r 
equat ion w i l l be de r i ved r e l a t i n g the unknown 
r o t a t i o n parameters to the observed ob jec t 
p o i n t coo rd ina tes . 

The 3D-coordinates of the m-th o b j e c t 
p o i n t Am (m = 1 . . . M) are g iven w i t h respect 
to an ob jec t coo rd ina te system. For each 
frame t ime n = 1 . . . N a t r a n s l a t i o n vector Tn 
and a r o t a t i o n ma t r i x Dn r e l a t e the o b j e c t 
coo rd ina te system to a camera coord ina te 
system whose o r i g i n co inc ides w i t h the 
p r o j e c t i o n center of the camera. The image 
p lane i s p a r a l l e l t o the xz-p lane o f the 
camera system, at a d i s tance f on the p o s i t i v e 
y - a x i s which represents the o p t i c a l a x i s . 

Let Cmn be the p o s i t i o n vec to r of Am at 
t ime n in the camera system 

Cmn = (Am + Tn) Dn 

The p r o j e c t i o n of Cmn onto the image plane is 
g iven by a three-component image vec to r 

Bmn = (f Cxmn/Cymn f Czmn/Cymn) 

The x- and z-component of Bmn are known image 
coo rd ina tes . Car ry ing along the y-component 
Bymn = f permi ts a convenient vec to r n o t a t i o n 
of bo th image and s p a t i a l da ta , as w i l l become 
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ev ident soon. S i m i l a r to ROBERTS [ 7 ] we 
i n t roduce an unknown sca le f a c t o r smn = Cymn/f 
which l e t s us w r i t e 

smn Bmn (Am + Tn) Dn 
(m = 1 . . . M; n 

( I ) 
N) 

Before combining severa l o f these 
equat ions f o r the e l i m i n a t i o n o f unknowns, two 
s i m p l i f i c a t i o n s can be i n t r o d u c e d . F i r s t , we 
are f r e e to choose the o b j e c t coo rd i na te 
system to c o i n c i d e w i t h the camera system f o r 
n = 1. For convenience we set Tl = 0 and 
Dl = 1 (denot ing the i d e n t i t y m a t r i x ) . 

Secondly, no te t h a t if smn, Am, Tn and Dn 
c o n s t i t u t e a s o l u t i o n f o r Eqs. 1, so do q.smn, 
q.Am, q.Tn and Dn, where q is an a r b i t r a r y 
f a c t o r . T h i s , o f course, i s the we l l -known 
f a c t t h a t t he s i z e o f an o b j e c t cannot be 
determined from any number of p e r s p e c t i v e 
views unless a t l e a s t one abso lu te d i s t a n c e is 
known. Whi le t h i s p r o h i b i t s exact 3D 
r e c o n s t r u c t i o n , shape and apparent mot ion of a 
sca led v a r i a n t can s t i l l be o b t a i n e d . The 
s c a l i n g may be chosen by s e t t i n g one of the 
f a c t o r s smn to an a r b i t r a r y va lue , e . g . s l l = 
1 . 

For a sequence of N frames at l e a s t 
3 + 2/(2N - 3) p o i n t s must be observed if the 
number o f equat ions is to match or exceed the 
number of unknowns, see NAGEL 8 1 . The 
f o l l o w i n g d e r i v a t i o n w i l l dea l w i t h two views 
o f f i v e p o i n t s . Since due t o the i n i t i a l 
cho ice t he re i s on ly one t r a n s l a t i o n vec to r 
and one r o t a t i o n ma t r i x remain ing (namely T2 
and D2, r e s p . ) , the index w i l l be dropped, and 
we have the f o l l o w i n g equat ions 

sml Bml = Am 
sm2 Bm2 = (Am + T) D 

(2) 
(3) 

S u b s t i t u t i n g (2) i n t o (3) we get 

sm2 Bm2 = (sml Bml + T) D (4) 

and f o r a p a r t i c u l a r p o i n t , say m = 1, 

s l 2 B12 = ( s l l B l l + T) D (5) 

S u b t r a c t i n g (5) from (4) we get f o r m > 1 

sm2 Bm2 - s l 2 B12 = sml BmlD - s l l B11D (6) 

To e l i m i n a t e sm2 we take the vec to r product of 
bo th s ides w i t h Bm2 and get 

-s l2(B12 x Bm2) = 
sml (BmlD x Bm2) - s l l (B11D x Bm2) (7) 

Next , we e l i m i n a t e sml by t a k i n g the sca la r 
product w i t h D'Bml* ( the apost roph denotes 
t r anspose ) . 

- s l2 (B12 x Bm2)D'Bml - s l l ( B l l D x Bm2)D'Bml' 

A product (AxB)C* can be i n t e r p r e t e d as the 
volume of the p a r a l l e l e p i p e d formed by the 3 

vec to r s A, B and C. Thus s imul taneous 
r o t a t i o n does not a f f e c t the p roduc t va lue and 
i n te rchang ing the o rder o f the t h ree vec to rs 
may on l y i n t roduce a s i gn change. Th is a l l ows 
us to w r i t e 

s l2(Bml x Bm2D')DB12' = s l l ( B m l x Bm2D , )B l l ' 

(8) 

and in p a r t i c u l a r f o r m = 2 

s l2 (B21 x B22D')DB12' = s l l ( B 2 1 x B22D')B11' 

(9) 

Combining (8) and (9) we get 

(B21 x B22D')B11' (Bml x Bm2D,)DB12 l = 
(B21 x B22D')DB12' (Bml x Bm2D , )B l l ' (10) 

For m = 3 ,4 ,5 t h i s is a se t of t h ree equat ions 
f o r the th ree f r e e parameters o f the r o t a t i o n 
m a t r i x D . I t con ta ins the p o l a r equa t ion o f 
ULLMAN [ 8 ] as a s p e c i a l case (see [ 3 ] ) . Th i s 
r a t h e r compact equat ion w i l l be the s t a r t i n g 
p o i n t f o r some i n t e r e s t i n g i n s i g h t s . 

1ll GEOMETRICAL INTERPRETATION 

Before e n t e r i n g a d i s cuss i on concern ing 
p r o p e r t i e s and a p p l i c a b i l i t y of Eq. 10 i t may 
be h e l p f u l to ga in some unders tanding o f i t s 
meaning. F i r s t , i t can be seen t h a t the 
equat ion dea ls s o l e l y w i t h vec to r d i r e c t i o n s . 
The magnitudes cancel out s ince each vec to r 
occurs in a product e x a c t l y once on each s i d e . 
Th is i s q u i t e sens ib l e s ince the d i r e c t i o n s o f 
the p r o j e c t i n g rays c o n s t i t u t e the on ly 
i n f o r m a t i o n which can be e x p l o i t e d . 

Note a l s o t h a t each image vec to r at t ime 2 
i s assoc ia ted w i t h the inverse r o t a t i o n 
m a t r i x , undoing the e f f e c t o f r o t a t i o n . 
Whatever d i f f e r e n c e remains between the 
d i r e c t i o n s of Bml and Bm2D' is caused by the 
t r a n s l a t i o n vec to r T which must be coplanar 
w i t h a l l such vec to r p a i r s . Two p a i r s g i v e a 
s o l u t i o n f o r the d i r e c t i o n o f T in terms o f 
the i n t e r s e c t i n g l i n e o f t h e i r p lanes f o r any 
cho ice of D. The planes of t h ree p a i r s , 
however, w i l l on l y i n t e r s e c t i n a l i n e i f D i s 
chosen p r o p e r l y . I t w i l l be shown now t h a t 
t h i s c o n s t r a i n t i s indeed expressed th rough 
Eq. 10 by r e d e r i v i n g i t w i t h geomet r i ca l 
arguments. 

T must be coplanar w i t h Bml and Bm2D' f o r 
a l l p o i n t s m. Hence each vec to r p roduc t 

(Bml x Bm2D*) m = 1 , 2, . (11) 

d e f i n e s a vec to r normal to a p lane c o n t a i n i n g 
T. The p lanes f o r m=l and m=2 i n t e r s e c t in a 
l i n e whose d i r e c t i o n i s g i ven by 

( B l l x B12D') x (B21 x B22D') (12) 
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Th is l i n e must be o r i e n t e d in the same 
d i r e c t i o n as T. The plane de f i ned by Bml and 
Bm2D' f o r any o the r ob jec t p o i n t must be 
compat ib le w i t h t h i s d i r e c t i o n , i . e . i t s 
normal vec to r on T must be normal to the 
d i r e c t i o n of T de f i ned by the two o the r 
p o i n t s . Th is can be expressed us ing the 
Car tes ian p roduc t . 

C (Bl 1 x B12D') x (B21 x B22D' ) ] 
(Bml x Bm2D')' = 0 

The m u l t i p l e vec to r product in b racke ts 
can be r e w r i t t e n us ing (AxB)xC = B(CA)-A(CB). 
Rearranging terms g ives Eq. 10. In summary, 
we have shown t h a t t h i s equa t ion expresses a 
c o n s t r a i n t on D a r i s i n g from the c o n d i t i o n 
t h a t the t r a n s l a t i o n vec to r must be coplanar 
w i t h each vec to r p a i r Bml and Bm2D'. 

IV DISCUSSION 

The non l i nea r system of Eqs. 10 f o r 
m = 3,4 ,5 can be t ransformed i n t o a se t of 
f o u r t h o rder po lynomia ls in th ree unknowns. 
As one p o s s i b l e s o l u t i o n approach i t e r a t i v e 
procedures may be employed. A l i n e a r i z e d 
v e r s i o n of,' Eq. 10 has been proposed in [ 3 ] and 
has been used s u c c e s s f u l l y to so lve f o r the 
unknowns based on s imu la ted image v e c t o r s . 

Le t us assume t h a t a r o t a t i o n ma t r i x D 
s a t i s f y i n g Eq. 10 has been found. How can one 
o b t a i n a 3D recons t r uc t i on? From the 
preced ing s e c t i o n we know t h a t a s o l u t i o n 
i n d i c a t e s : t he re e x i s t s a t r a n s l a t i o n T 
compat ib le w i t h the observa t ions and t h i s 
p a r t i c u l a r D. The t r a n s l a t i o n vec to r can be 
determined by f i r s t s o l v i n g Eq. 9 f o r s12 
(us ing an a r b i t r a r y cho ice of s11 and the 
s o l u t i o n f o r D) and then s o l v i n g Eq. 5 f o r T. 
Eq. 4 w i l l g i v e sml and sm2 fo r a l l o the r 
p o i n t s . The 3D coo rd ina tes , f i n a l l y , f o l l o w 
from Eq . 2 . 

Note t h a t Eq. 9 leaves s12 and hence T 
undef ined i f the t r i p l e product on both s ides 
is ze ro . Th is can happen in two cases, ( l ) 
when the t r a n s l a t i o n vec to r T is coplanar w i t h 
B l l and B21 and hence a l l vec to rs in Eq. 9 are 
coplanar or ( i i ) when B21 and B22D' are 
c o l l i n e a r . The f i r s t case can be remedied by 
choosing another p a i r of p o i n t s i and j such 
t h a t B i l , B j l , and T are not cop lanar . I f a l l 
Bml are coplanar w i t h T, none of them can be 
recons t ruc ted from two v iews. The second case 
i m p l i e s t h a t the t r a n s l a t i o n vec to r i s zero o r 
c o l l i n e a r w i t h B21. Choosing another p o i n t 
w i l l r e v e a l whether T i s zero s ince i t cannot 
be s imu l taneous ly c o l l i n e a r w i t h two image 
vec to rs i n d i f f e r e n t d i r e c t i o n s . For zero 
t r a n s l a t ion ( i . e . pure r o t a t i o n about the 
o r i g i n ) none of the s c a l i n g f a c t o r s smn can be 
determined, hence no r e c o n s t r u c t i o n iS 
p o s s i b l e . I f T i s nonzero and c o l l i n e a r w i t h 
some Bml then on ly t h i s p o i n t cannot be 

r e c o n s t r u c t e d . Hence t o r a l l but c e r t a i n 
excep t i ona l s i t u a t i o n s a unique 3D 
r e c o n s t r u c t i o n can be ob ta ined f o r any D 
s a t i s f y i n g Eq. 10. 

V CONCLUSION 

The i n t e r p r e t a t i o n of image sequences 
recorded from r e a l - w o r l d scenes w i t h moving 
o b j e c t s would be incomplete w i t h o u t a 
d e s c r i p t i o n of the 3D c o n f i g u r a t i o n of p o i n t s 
on a r i g i d moving o b j e c t and i t s space 
t r a j e c t o r y . To so lve such a problem r e q u i r e s 
the image measurements from at l e a s t f i v e 
o b j e c t p o i n t s i n a t l eas t two v iews. 
S o l u t i o n s cou ld be used as s t a r t va lues f o r a 
m i n i m i z a t i o n approach in the case where more 
than f i v e p o i n t s in more than two views are 
a v a i l a b l e and have to be exp la ined as a s i n g l e 
r i g i d o b j e c t . Using app rop r i a te choices f o r 
the a v a i l a b l e degrees of freedom, a compact 
equat ion f o r the unknowns remaining in t h i s 
bas ic s i t u a t i o n has been de r i ved in [ 3 ] . Our 
c u r r e n t c o n t r i b u t i o n has presented a much more 
d i r e c t d e r i v a t i o n and an immediate geomet r i ca l 
i n t e r p r e t a t i o n o f t h i s equa t i on , a l s o some 
r e s u l t s concern ing degenerate s i t u a t i o n s . 
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